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On the Representation of Functions in Series of the 
Yeng(x-+n)." 


By R. D. CarMiIcHakL. 


Introduction. 


The most important functions defined by the Q- and Q-series, whose 
properties I have investigated in previous memoirs,f are doubtless those which 
have in a half-plane a Poincaré asymptotic representation{ in descending 
power series; and, in particular, those in which the series depend on a defining 
function g(a) which has the asymptotic form § 


valid in a sector V including the positive axis of reals in its interior, and 
which is analytic in V for sufficiently large values of |x|. We shall now use 
the symbol] S(z) to denote the series 

S (2) = U6, (2) 
It will be observed that S'(x) belongs to the class of series denoted by Q(x) in 
the preceding papers, and also to the more special class denoted by w(z). 

In the present paper I make a contribution towards solving the problem || 

of representing given functions in the form of series S(x) depending on a 


* Presented to the American Mathematical Society (at Chicago), April 7, 1917. 

+ Transactions American Mathematical Society, Vol. XVII (1916), pp. 207-232; AMERICAN JOURNAL 
or MATHEMATICS, Vol. XXXIX (1917), pp. 385-403. These papers will be referred to by the numbers 
I and II, respectively. 

+ Compare II, especially §§ 4 and 5. 

§ It is convenient to introduce here a slight change in notation; it is one, however, which can cause 
no confusion. 

|| That this includes the fundamental problem of representing given functions in the form of series 
dependent on functions defined by linear homogeneous difference equations may be seen from the following 
considerations. A fundamental property of the leading functions G(«) defined by such equations is that 
expressed in the asymptotic relation 


14 84-24...) 


valid in a right half-plane, i being an integer and 8, b,, b.,.... being constants. (Compare Birkhoff, 
Transactions American Mathematical Society, Vol. XII (1911), pp. 243-284; and Carmichael, ibid., pp. 
15 
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given defining function g(x). In order to render this problem amenable to 
simple methods it is necessary to place further restrictions on g(x). We have 
seen (II, $5) that 


g(ua+n) Ban Ben ) — p(B—1)n 
g(x) Bon+ L + Bou =e ’ (3) 
where 8),, Giny Bony ---+ are a set of numbers independent of x. From this it 
follows that we have an asymptotic relation of the form 
af Yin, Vea ) 


Some of the restrictions mentioned are stated most conveniently in terms of 
the coefficients y. They appear in Section 4. Others appear in Section 5. 

In $1 I derive, in simple form, a necessary and sufficient condition on the 
coefficients c, implying the convergence of $(a) in an appropriately determined 
right half-plane. In §2 some remarks are made on the order of increase of 
the coefficients in certain Poincaré asymptotic series. In §3 the fundamental 
relations between these coefficients and the coefficients v, of the associated 
series S(a) are determined. In $4 I construct, in a particular manner, 
functions having given Poincaré asymptotic representations of a certain type, 
and incidentally point out some fundamentally important instances of the series 
S(x) which have occurred in the recent literature. Finally, in $5, I show 
how to transform the Borel integral sum of a divergent series into a series 
S (a) and also into a certain natural generalization of such series, and indicate 
some wide ranges of applicability of these results. 


§1. Order of Increase of Coefficients c, in a Converging Series S(x). 
Let S(z) be a series of the form (2) which converges at every non- 
exceptional point in some half-plane; that is, one whose convergence number 
is not —o. Then, from the corollary to Theorem XII, in Memoir I, it follows 
that a real constant r, (finite or equal to —-«) exists such that 


lim sup 108 (5) 


99-134, and AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXV (1916), pp. 163-182). In case i=—1 the 
function G (a) itself is of the same type as the function g(#) in the text. In general a suitable value of 
g(a) may be defined in terms of @(a#) by the relation 


Thus, for every function of the 


or by any one of several similar expressions which readily come to mind. 
type G(w) there exist corresponding functions of the type g(#) suitable for use in the formation of 


series S(z). 
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where 4,8, stands for the sum of all 8, whose suffix v satisfies the relation 
(6) 
E(&) denoting the greatest integer not greater than & From the last 
inequality we see that | 
logy 
for every positive value of & and corresponding value of 7. Hence, from (5), 
it follows that a constant r, exists such that 
log |¢,g(v)|<r2(1+ logy), >0. 

Thence it follows readily that a constant r exists such that 

 v22. (7) 
Relation (7) states a condition which is necessary if S(a#) is to converge at 


every non-exceptional point in some half-plane. 
It may also be shown that (7) states a condition sufficient to ensure that 


S'(a) thus converges in some half-plane. For from (7) it is clear that 
|¢,g(v)| 


where v and & are related as in (6), and p is a positive number not less than r. 
From this one sees readily that the superior limit in the first member of (5) 
has a value different from +o. This, in connection with the corollary to 
Theorem XII, in Memoir I, at once yields the conclusion that S(z) converges 
at every non-exceptional point in some half-plane. 

Thus we are led to the following theorem: * 

THeorem [. A necessary and sufficient condition that the series S(ax) in 
(2) shall converge for every non-exceptional value of x in some right half-plane 
is that a constant r exists such that 

le,g(v)| <r’, y>2. 

In view of the asymptotic form of g(v) this theorem is seen to be equiva- 
lent to the following corollary: 

CorotLary: A necessary and sufficient condition that the series S(x) in 
(2) shall converge for every non-exceptional value of x in some right half-plane 
is that a constant r exists such that 

Le, | v> 2. 


* By exactly the same argumentation one is led to precisely the same necessary and sufficient con- 
dition for the similar convergence of the series 2(#) and Q(#) in the case when K=1 and m=0 or 1. 
The corollary to Theorem XII, in Memoir I, yields immediately the corresponding result for the case 
when k and m do not satisfy the conditions just stated. 
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It is easy to see that an equivalent statement is obtained if one replaces 
the inequality in this corollary by the following: 
Le, | p> 2, 
To prove this, one has only to employ the well-known fact that 
(y+1)! 


approaches a finite limit different from zero as » approaches infinity. 


§2. Order of Increase of the Coefficients in the Poincaré Asymptotic 
Representation of S(a). 
We have seen (II, Theorem II and §5) that a function S(a), defined by 
the series in (2), has a Poincaré asymptotic representation of the form 
1 2 
(8) 
valid in that part of V which lies in the half-plane R(x)>—A,, where A, is 
less than the convergence number 4 of S(a), and that the coefficients 8, are 
given by the formulae 
BL=%B v=0,1, 2,..... (9) 
The order of increase of |8,| with respect to » evidently depends upon 
the 8,; quite as much as upon the c;. In case the @;; satisfy the restrictive 
condition 
it is easy to see (by aid of the corollary to Theorem I) that we have 
#22, (11) 
s being an appropriately chosen quantity independent of +. 
For the special case in which g(x+1)/g(a) is analytic at x=, other 
inequalities similar to (10) and (11) may be obtained. We write 


_ 


g(x) 
Since this series converges for some 2, a positive quantity p exists such that 
<p’ 
We take p to be greater than unity. We may write, 
| 


é 
q 
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If this last product is expanded in powers of 1/2, it is easy to see that the 
coefficients in the resulting series are less in absolute value than the coefficients 
in the similar expansion of the product 


i=0 


These coefficients are not decreased if in this product p(p+7)"~' is replaced by 
(p+n)™. Thence, by the multinomial theorem, it follows readily that 


+4, )! 


| < 


where the summation is taken subject to the condition 


whence it follows that 
|Br—n,n| <»"(m-+p)’. (12) 


Thence, through (9), and the corollary to Theorem I, we see that 
| v2, (13) 


t being an appropriately chosen real quantity. 


§3. Evaluation of the Constants c, in Terms of the Constants B,. 

From (9) it follows that the constants c, may be expressed directly in 
terms of the constants @,. It is more convenient for our purposes, however, 
to proceed as follows: In equation (4) replace n by »—n, where n<v7, and 
then replace x by «+n. Thus we have 


g(a+n) 7 v—n _Y2,v—n ) 
(2+ | Yo, + - + (a-tn)? (14) 
Then from 
g(x+v) Pot z+. g(x+r)’ 


by means of (4) and (14), we have 
1 
+ +++ EY 7%» 


on equating the coefficients of 1/2 in the expanded asymptotic forms of the 
two members. Now it is easy to see that 


(15) 
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Hence, if we write 


v>0; 


we have 


1 
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(16) 


Combining this system with the second equation in (15), and solving for 


Cy4, we have 


0 
1 
Yo 
0 
a 
Yo 
+ 0 
0 


the expansion ending with the term containing 7. 


0 
Y21 32 43 
0 32 
] 
Yo 0 Y21 
0 0 


—pl- 


0 Y21 
Yo 

9 


Here y., has the value 


We shall use the symbol A, for the determinant of order k in the second 


member of equation (17). 


§4. Construction of Functions Having Given Poincaré Asymptotic 
Representations of a Certain Type. 


In this section we show how to construct a function f(#) having a given 
Poincaré asymptotic representation 


Bt 


of a certain type. 


g(x) and the constants 6), 


(18) 


We confine our attention to the case in which the function 
are jointly subject to the condition 


that positive quantities M and o, both independent of v, exist such that 


yn, having the definition given in (16). 


Moreover, we suppose that g(2) is 


(19) 


such that a positive quantity M,, and a real non-negative quantity ¢7,, both 
that 


|A,| 


independent of k, exist such 


(20) 


| 
32 
0 
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| 
| 
| 
|_| 


in Series of the Form Xc,g(a+n). 119 


where A, denotes the determinant defined at the end of Section 3. Our central 
theorem here is the following: 


TueorEM II. Let 6), 81, B., ...., be a given set of constants, and let 
g(x) be an associated function such that relations (19) and (20) are satisfied. 
Then, tf constants Cy, C1, C,, .... are determined in terms of Bi, Be, «++ 
by means of equations (15) and (17), the series 

21 
g(a) 


converges absolutely at all non-exceptional points in the half-plane R(x) >t+1, 
where t is the greater of the two quantities 0 and ¢+¢,+R(u); and the func- 
tion f(x) represented by this series satisfies the Poincaré asymptotic relation 
(18), the latter being valid in the greatest region in the x-plane which is com- 

mon to V and the half-plane R(x~)27+1-+¢, ¢ being any positive constant. 
We prove first that part of the conclusion which relates to the convergence 

of the series in (21). From relations (17), (19), (20) we see readily that 
(22) 
where M, is a quantity independent of ». From the corollary to Theorem I it 
follows now that the series in (21) is convergent in an appropriately chosen 
right half-plane. Moreover, the last inequality affords partial information as 
to the position of the line of absolute convergence. This may be shown as 
follows: From the corollary to Theorem XII, in Memoir I, we see that the 
abscissa u of absolute convergence of the series in (21) is given by the relation 


u=—lim sup 
where &,¢, stands for the sum of all {, whose suffix y satisfies the relation 
From (22) and the asymptotic form of g(v) it is easy to see that 


M, being an appropriately chosen constant. Hence we have 
| c,g(v)| <M; <M, 
v= 


where y; is the greatest value of v, such that log »<& and < is the greater of 
the quantities 0 and c-++o,+R(u). Hence, 


— lim sup =—(t+1). 


- 
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This completes the proof of the part of the theorem which refers to the con- 
vergence of the series in (21). 

The portion of the conclusion of the foregoing theorem which relates to 
the asymptotic character of f(a) is an immediate consequence of Theorem II, 
of Memoir II, and the convergence properties just established. 

The foregoing theorem states conditions to ensure the convergence of the 
series in (21). A central part of these conditions is contained in relations 
(19). If g(x) satisfies conditions associated with (1), and if, moreover, 
g(x)/g(x+¥v) is a polynomial when r is sufficiently large, then from (17), and 
the corollary to Theorem I, it is easy to see that relation (19) affords a 
necessary and sufficient condition for the convergence of (21); and hence for 
the construction, by means of a series (21), of a function f(#) having the 
given Poincaré asymptotic representation (18). It is not difficult to determine 
other classes of functions g(x) for which (19) plays a like réle in respect to 
necessary and sufticient conditions. 

An important special use of the result contained in Theorem II should be 
pointed out. In many investigations, particularly in the theory of differential 
equations and of difference equations, one is led to divergent power series 
when one seeks to obtain a suitable representation of a function which is to be 
determined. If for an appropriately chosen function g(z) the coefficients 
Bo, G2, Bs, -.--, in the diverging power series thus arising satisfy the conditions 
imposed by relations (19), then it is clear that a suitable modification of the 
computations will enable one to obtain a convergent expansion (21) in place of 
the diverging power series. It may be anticipated with considerable confidence 
that this converging expansion will serve to define such a function as one is 
seeking. It is my intention later to present such applications of Theorem II 
as are here indicated. For the special class of factorial series, important 
applications of this character have already been made in the theory both of 
differential equations* and of difference equations,t and in more general 
aspects of the theory of functions. ¢ 

We shall next point out some simple conditions which are sufficient to 
ensure that relations (19) and (20) shall be satisfied. In the treatment of 
these conditions we shall have need of Hadamard’s fundamental theorem § 
concerning an upper bound to the absolute value of a determinant. This 
theorem may be stated as follows: 


* Horn, Mathematische Annalen, Vol. LXXI (1912), pp. 510-532. 


+ Norlund, Rendiconti del Circolo Matematico di Palermo, Vol. XXXV (1913), pp. 177-216. 
$~ Watson, Rendiconti del Circolo Matematico di Palermo, Vol. XXXIV (1912), pp. 41-48. 
§ Hadamard, Bulletin des Sciences Mathématiques (Darboux), Vol. XVII (1893), pp. 240-246. 
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If A is a determinant of order n in which a,; is the element in the i-th row 
and the j-th column, then 


where 


n n 
j=1 j=1 


With this theorem in hand we may readily determine conditions implying 
relation (20). Thus, if y,,;, satisfies the condition 
SM, k=K, K+1, (23) 
where K is a fixed integer, it may easily be shown that (20) is satisfied. For, 
from the first inequality in Hadamard’s theorem above, we see that 
\A,|<M-k!=M-T(k+1), 
M being an appropriately chosen quantity independent of k. By means of the 
well-known asymptotic formula for r'(z), namely, 


it is now easy to see that (20) is satisfied provided that M, and o, are given 
appropriate values. Hence, relation (23) expresses a condition sufficient to 
ensure that a relation of the form (20) 1s satisfied. 

In order to determine simple conditions ensuring that (19) is satisfied we 
observe that the asymptotic relation (1) implies that the quantity 

9 (p) 
approaches a finite value different from zero as n approaches infinity, pro- 
vided that x=p is a point at which g(x) is analytic and different from zero. 
From this it follows at once that a relation of the form (19) is satisfied, pro- 
vided that a positive quantity M’ and a non-negative real quantity o’, both 
independent of », exist such that 
In, | 

Let us consider now the special case in which the series in (18) converges 
when |2| is sufficiently large. Then through (16) we see that a positive 
number p exists such that 


1 
p 
16 


is 
| 
| 
| 
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Comparing this with (4) we see that condition (24) is obviously satisfied 
in the special case when the quantities 7 ,, Yin, Yon» ---- are all positive or 
zero for every positive integral value of m greater than some given value N. 
Other simple conditions under which (24) is satisfied will readily occur to the 


reader. 
Again, it may be seen that a relation of the form (19) is satisfied in case 


a positive quantity M and a non-negative real quantity o exist such that 
(25) 


for every v and corresponding k not greater than ». For determining whether 
(25) is satisfied one may make use of the relation 
f,(x)dax 


‘where 
f,(2) =Y +0" es 


and C is a circle about the point x=0 as a center. From this it follows at 
once that 
1 
(27) 


where M,[/f,(x) ] denotes the maximum value of |f,(~) | on the circle of radius 
p about the point x=0 as a center. There are large classes of cases in which 
it may readily be shown that relation (25) is implied by relation (27). 

Let us consider the application of these results in the case of factorial 
series. Here g(x)=1/I' (x); and we have 


g(a) _ 
It is obvious that the quantities y,, are all positive or zero, and that they are 


zero in case s>n. Moreover, 


» (p) 


Hence, conditions (23) and (24) are satisfied in case (18) converges for 
sufficiently large values of |”|, say for |z|2R. Moreover, for this special 
case it is clear that we may take o,=0 and c=R—uw and that uw now has the 
value 4. Then it is easy to see that the line of absolute convergence of the 
series in (21), in this case cuts the axis of reals at a point not further to the 
right than a unit’s distance to the right of the rightmost point of the circle of 
convergence of the power series in 1/x by which f(x) may be represented. 


| 


in Series of the Form Xc,g(a+n). 123 


Again, if we take for g(x) the value 


9(2)=——— 
we have 
g(x+1) 


Then, as in the preceding case, it is easy to see that the conditions of Theorem 
II are satisfied provided that (18) converges for sufficiently large |z| and a 
is positive while b is positive or zero. If we put b=0, series (1) obviously 
takes the special form 


Replacing az by 2, we may write this in the form 


n 


co 


Series of this class play a leading réle in Norlund’s fundamental paper on 
factorial series to which reference has already been made. 

Again, if we put Mz for x and a+1 for b/a in the function g(x) of equa- 
tion (28) the corresponding series S(z) is transformed into the form 

b, bs 
Me+a+1' (Me+a+1) (Me+a+2) 

bs 
(Me+a+l) 
a series which plays the leading role in the important paper of Watson’s 
referred to above. Watson exhibits a large class of functions expansible in 
converging series (30). 

One may easily construct many other particular functions g(a) satisfying 
those hypotheses of Theorem II which relate to g(x) provided that the asso- 
ciated series (18) converges for sufficiently large |~|. Some of the most 
interesting of such functions g(x) are readily expressible in terms of the 
gamma function. Such a one, for instance, is the function g(z), 


(31) 
Here we have 
g(a) 2(2+8) 
g(x+1) a+1 


Employing the relation 


g(a+n) g(z+2) g(a+n) ’ 


(28) | 
| 
4 

j 
| 
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it is thence easy to see that g(x)/g(%+mn) is a polynomial with non-negative 
real coefficients provided that is sufficiently large. Hence, relations (23) and 
(24) are satisfied. 
In a similar way one may treat the function 
It is clear that one may thus form an indefinitely great number of similar 
functions g(x) such that in each case g(x)/g(x+1) is a rational function of 
x, and g(x)/g(x+n) is a polynomial with non-negative real coefficients pro- 
vided that n is sufficiently large. 


§5. Representation of Given Functions in the Form of Convergent 
Series S(x). 

By means of Borel’s method of summation of series (in general divergent) 
we shall now show how to represent functions of a certain important class in 
the form of convergent series S(x). The functions treated are those obtained 
by taking the sum of a series of the form 


| (38) 


by means of Borel’s integral method of summation. Denoting the Borel 
integral sum of the series in (33) by f(z), we have by definition: * 


f dt, (34) 
where 
Bot? 84° 
ap te top tee (35) 


We assume f that the series in (35) is convergent for all values of ¢, and that 
the function $(t) defined by it is such that the integral in (34) exists. We 
say then that the series (34) is summable to the sum f(z). 

In this section we shall suppose t also that the asymptotic series in (3) is 
summable in the sense of Borel, so that we have 


0 
where 
Bs + + (37) 


(n+2)! 
The series in (37) we shall take to be convergent for all values of ¢. 


* Borel, “ Lecons sur les séries divergentes,” p. 108 ff. We have made certain obvious reductions so 
as to obtain the form convenient to use with descending series (33) rather than with ascending series. 

¢ The restrictions made here are stronger than are essential to the argument. They may be weak- 
ened in accordance with certain general considerations mentioned by Borel (loc. cit., p. 99). 


| 
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Of the function f(z) defined in (34) it is easy to obtain a formal expan- 
sion in series S(x). For this purpose we note that by means of equation (9) 
it is easy to establish the formal relation 


n=0 v! 


Replacing $(¢) in (34) by the second member of the last equation we have the 
formal relation 


f(z) dt. (39) 


If, still proceeding formally, we integrate term by term the series denoted by 
the summation in (39) and make use of (36), we have 


Hence, 


THeorEM III. In all cases in which (36) and (38) are valid relations, 
and the series denoted by the outer summation in (39) is term by term inte- 
grable from zero to infinity, the Borel sum f(x) of series (33) is represented 
in (40) in the form of a converging series S(x). 

This result is capable of a ready generalization as follows: From (34) 
we have 

f(ax) = f (t)dt= (t) dt, (41) 
0 0 
where 


Analogous to (9) we now form the equations 


a’ 
thus introducing the quantities ¢,, ¢,,¢C,,..... Thence proceeding formally, 
we have 
= 26,9, (t) 5 (42) 
a a Vs n=0 


whence, as before, we obtain 


tax) = f dt. (43) 


} 
| 
| 
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Integrating term by term, we have 


_ g(a+n) 
f (ax) = Ue, g(x) 
or 
_ g(Z/a+n) 


We are thus lead to the following result: 

TuroreM IV. In all cases in which (36) and (42) are valid relations and 
the series denoted by the summation in (43) is term by term integrable from 
zero to infinity, the Borel sum f(x) of series (33) 1s represented in (44) in the 
form of a converging series into which a series S(x) is readily transformed. 


If we take for g(x) the particular value 
1 
g(%)= aT 


then relation (44) takes the special form 
Cs 
alata) late) 
Cy 

That is to say, the Borel sum f(x) of (33) is always represented formally by 
the series in (45). In case (33) is absolutely and uniformly summable by the 
integral method of Borel to the sum f(z), then Norlund (Joc. cit., p. 379) has 
shown that f(z) has an actual convergent expansion (45) in case a is a 
sufficiently large positive number dependent upon f(z). Hence the formal 
result in (45), and therefore the more general one in (44), has a wide range 
of useful applicability. 

For special functions g(x) (of which that in the preceding paragraph is 
an example) and corresponding classes of functions f(z) it is possible, as we 
have just seen, to state more explicit and precise results than those obtained 
in Theorems III and IV; but it seems to be difficult to render these theorems 
more precise without further restrictions on g(x). I propose as an important 
problem the determination of classes of functions g(x), and corresponding 
classes of functions f(x), such that the representations (40) and (44) are 
valid, either separately or simultaneously. 


f(@) 
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Transformations of Planar Nets. 


By LutHer PraHuER HEISENHART. 


1. Introduction. When a surface is referred to a conjugate system of 
curves, u and v being the parameters, the four homogeneous point coordinates, 
are solutions of an equation of the form 

2 
where a, b, c are functions of u and v. We say that the parametric curves 
u=const., v=const. form a net N(x), x indicating any of the four coordinates, 
and call (1) the point equation of N(x). 
If 6 is any other solution of (1), the equations 

Om, 

satisfy the condition of integrability, provided that h and / are any pair of 
solutions * of 


oh (dlogé ) = ) 
= (h—l), (I—h). . (3) 


Moreover, the four functions x, obtained by quadratures from (2) when 
takes on the four values of the coordinates of N‘x) are solutions of the same 


equation 
Hence these four quantities 1, are the homogeneous point coordinates of a net 
N, (4). 
The points F’, and F,, with respective homogeneous coordinates 
62,—Il2, 


lie on the line joining corresponding points, M and M,, of the nets N and N,j, 
and are such that as u or v varies, F, or F;, respectively, moves tangentially 


* We exclude the case h—1=const., since in this case the two surfaces are homothetic with respect 
to the origin. 
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to the line. Hence the ruled surfaces u=const., v=const. of the congruence 
G of lines MM, are its developables. We say that the nets N and N, are 
conjugate to the congruence G, since the developables of the latter meet the 
surfaces on which N and JN, lie in these nets. Two nets so related to a con- 
gruence are said to be in the relation of a transformation T with one another. 
Conversely, any two nets so related can be defined analytically by (2) and (3), 
as we have shown previously.* 

In § 2 we show that if two nets N and N, are in the relation of a trans- 
formation 7, the same is true of their first Laplace transforms, and likewise 
their minus first Laplace transforms. This result holds for nets in space of 
any order. 

Any three of the functions ~ are the homogeneous coordinates of the 
planar net, say P(x), into which N(x) is projected from a suitable vertex of 
the coordinate tetrahedron upon the opposite face. Hence the preceding 
results can be applied to the transformation of planar nets. The lines of the 
congruence G project into lines of the plane, and thus the developables of the 
congruence lose their significance, and these transformations in general are 
not of much interest. However, there are certain types of planar nets charac- 
terized, for example, by geometric properties. The above general method can 
be used to obtain transformations of nets of a type into nets of the same type. 

We consider transformations K of planar nets whose equation (1) has 
equal invariants into nets of the same kind. In a previous papert+ we have 
shown how one can determine by quadratures a surface S whose asymptotic 
curves project into any given planar net with equal invariants. We show in 
§4 that a transformation K of the planar net is equivalent to the determina. 
tion of a surface S, such that S and S, are the focal surfaces of a W-congru- 
ence. We make use of these results in $5 to determine the equations of a 
W-congruence. 

There are certain planar nets with equal invariants which are reproduced 
after three transformations of Laplace. We refer to them as nets of period 3. 
They are of three types. The remainder of the paper is devoted to a study of 
the transformations K of these nets into nets of the same kind. A theorem 
of permutability of these transformations is established. We discover also 
another transformation of nets of period 3, purely analytic in character, 
and find that their determination and that of transformations K reduce to 


equivalent analytical problems. 


* Transactions of the American Mathematical Society, Vol. XVIII (1917), pp. 97-124. 
ft Annals of Mathematics, Series 2, Vol. XVIII (1917), pp. 221-225. 
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In § 12 we show that the preceding results can be interpreted as giving 
transformations of certain surfaces discovered by Tzitzeica. 

2. Laplace Transformations and Transformations 7. The tangents to the 
curves v=const. of a net N are tangent to the curves w=const. of a net (N),, 
and the tangents to the curves w=const. of N are tangent to the curves 
v=const. of a net (N)_,. The nets (NV), and (NV)_, are called the first and 
minus first Laplace transforms of N. Their respective homogeneous coordinates 
y and 2 can be given the forms 


bx 
We shall prove the theorem: 

If N, is a T transform of N determined by a function 6, the first and minus 
first Laplace transforms of N, are T transforms of the first and minus first 
Laplace transforms of N by means of the respective functions 


—b6, ae. 


In consequence of (4) it follows that the homogeneous coordinates of the first 
Laplace transform of N, are of the form 


dx, _ h (dlogé 


By means of (2) this is reducible to such a form that we can take for the 
coordinates y, of this transform the expressions 


0/2 


1 
Making use of the fact that 2 and @ are solutions of equation (1), we 
obtain 
Ou ou\6/’ av av\6/’ 
where 
log 6 
- 00 


* Darboux, Lecons, Vol. II, pp. 27, 28. 
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k being the invariant of equation (1) defined by 
ob 


ab—e. 


Since the above equations necessarily satisfy the conditions of integrability, 
we have proved that the two nets are in the relation of a transformation 7. 
By similar means we show that the minus first transforms are so related. 

3. Equations of Transformations 7. The three homogeneous coordinates 
a?, 2, o® of a planar net P(x) are solutions not only of equation (1), but 
sles of two equations of the form 


du dv aw" ov (6) 
where the coefficients are functions of wv and v, which must be such that the 
conditions of integrability 


(But) = bu au (Sut) = (Suds) 
dv \du?/~ du \dudv/’? du\dv?/~ dv \Oudv/’ 
are satisfied by all three functions x. This leads to the following six con- 
ditions: 


+ac’+be, + b’a +ab+e, (7) 
da +a’c'+b’c= ge +ac+ bc” 
By making use of equations (6), we are able to determine functions k, m, 
n so that, for all three x’s, 


au 


In fact, when this expression is substituted in (2), we find that hk, m,n must 
satisfy the completely integrable system of equations 


ok h 06 Om h 

+me'+ne-+ - =0, Ou +k+ma' +na— 6 =0, 

+ mb’+ nb = 0, +me-+ne" + = =0, r (9) 


| 
| 
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4. Planar Nets with Equal Invariants. When P(2) and P,(a,) are the 
projections of two nets N(x) and N,(a,) in the relation of a transformation T, 
the points of the plane whose corresponding coordinates are given by (5) are 
points of contact of the line PP, with its envelope as u or v varies. We con- 
sider the case when these points are harmonic to P and P,, and say that 
P and P, are in the relation of a transformation K. From (5) it follows that 


we must have /=—h, and consequently from (3) that 
dv’ 


that is, equation (1) has equal invariants.* By making a suitable choice of 
the homogeneous coordinates x in this case we can take equation (1) in the 


form 
Now, in all generality we have from (3) 
h=—l=—®, (11) 
so that, if x, in (2) be replaced by 2,0, we have 
Ou 06 Ox 06 


and the point equation of N, is 


1 
We have shown} that if we define three functions y“”, y®, y® by 


and by similar equations obtained by permuting the hyperscripts cyclically, 
the function 2 given by 

= 4 4 g@y®, (15) 
and 2, 2, «® are the homogeneous point coordinates of a surface S, upon 


which the parametric curves are the asymptotic lines. These lines and the 
planar net are in perspective relation from the point (0, 0, 0,1). 


* This is in accordance with the similar result for nets in space first proved by Koenig’s Comptes 


Rendus, Vol. CXIII (1891), p. 1022. 
+ Annals, loc. cit. The letters « and y must be interchanged to give the equations in use in the 


present paper. 
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Since x, 2, «® are solutions of (10), equations (14) are of the form of 
equations of Lelieuvre* y°’, y®, y®, 1, are the point coordinates of a surface & 
referred to its asymptotic lines. Moreover, from (15) it is seen that x and 8 
are polar reciprocal] with respect to the quadric 

By means of the three functions 2f, «® «© obtained from the quadratures 
(12), we define three functions yf, y, y® by 
(2) (3) (2) ary” (8) Oxy” 
and similar equations obtained by permuting the hyperscripts cyclically. Now, 
as seen above, the functions y%, y®, y®, 1, are the point coordinates of a 
surface &,, referred to its asymptotic lines. Moreover, it is readily foundt that 


+a ap, (18) 


From (14) and (15) it follows that the equation of the tangent plane 


to is 

the 2’s being current coordinates. It is readily seen that this plane passes 
through the point (y®, yf, y, 1) of Z,. In like manner we show that the 
tangent plane to &, passes through the corresponding point on &. Hence X 
and &, are the focal surfaces of the congruence of lines joining corresponding 
points of these surfaces, which accordingly is a W-congruence. 

By means of yf”, yf, y;> we obtain, as by (15), the surface S, whose 
asymptotic curves project from (0,0,0,1) into the net P,(2,). Since S, is the 
polar transform of %, with respect to the quadric (16), and this transfor- 
mation changes a W-congruence into a W-congruence, we have the theorem: 


When two planar nets with equal invariants are in the relation of a trans- 
formation K, the two surfaces, whose asymptotic lines are the perspectives of 
the curves of the nets from a point, are the focal surfaces of a W-congruence. 


5. Equations of a W-congruence. It is well known that the direction-cosines 
of the normal to a surface referred to its asymptotic lines are solutions of the 
same equation of Laplace with equal invariants.{ It is possible to choose a 
suitable factor so that the direction-parameters (that is, quantities propor- 
tional to the direction-cosines) shall satisfy by an equation of the form (10). 


*E., p. 193. A reference of this sort is to the author’s “ Differential Geometry.” 
7 E., p. 418. 
p. 194. 


. 
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In this case we say that the parameters are in the normal form. From (14) it 
is seen that 2”, «®, «® are the direction-parameters of } in the normal form. 
From (14) we have, by differentiation and reduction, with the aid of (6), 


and 
log g® dy? log dy 


The coordinates y®’, y® also satisfy (19), and y® satisfies (20). Hence we 
have the theorem: 

When the asymptotic lines on a surface are projected orthogonally on a 
plane, taken as a coordinate plane, the equation satisfied by the cartesian 
coordinates of this planar net is (20), where x is the direction-parameter in 
the normal form of the normal to the surface with respect to the normal to the 
plane. 


When two surfaces © and &, are the focal surfaces of a W-congruence, we 
say that they are in the relation of a W-transformation. Equations (18) 
define the general transformation. They can be given another form by means 
of equations (8) for the case of transformations K. In accordance with $3 
we replace x, and k by x,6 and k6, respectively, and equation (8) becomes 


mox. n Ox 
9 


Since now a=b=0 and equations (11) hold, equations (9) become 


om 
ma’ +6=0, tn =0, L (22) 
On 

+mb’=0, 5, + —6=0. | 


Substituting the values from (21) m (18), we get the desired equations 


of transformation, namely 
m oy (23) 


Hence the problem of W-transformations is equivalent to the solution of equa- 
tion (10) and of the completely integrable system (22 


| 
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6. Nets of Period 3. We apply the preceding methods to nets for which 
a=b=0, c’=c’=0. These nets are characterized by the property that any 
one of them is reproduced after three transformations of Laplace. In this 
sense they are of period 3. 

It follows from (7) that in the present case 
where U and V are arbitrary functions of w and v respectively. One or both 
of these functions can be taken equal to zero. If they are not zero, by a 
suitable choice of the parameters u and v of the nets we can take U and V equa! 
to unity. Hence in all generality we have 


b= —, a’= 
C 


where ¢ and y take the values 0 or 1, and the differential equations of the 


net are 
Oa dx , Ou _ Ou , Aloge dx (24) 


All the conditions (7) are satisfied provided that c satisfies 


For the present case equations (22) reduce to 
+ne+(k—1) = =f, +me+(k+1) all 0, 
+kO+m +0=0, = (26) 
= =0, < —9=0. | 


Eliminating k from the second and third of these equations, we get 


dudv ou dv 


It is readily seen that 0 6 is a solution of this equation, so that we replace m 


dv 
06 06 
by ka, /c. Similarly, we replace n by » a,,/ & Then (21) becomes 


Ov Ou du dv’ (27) 


| 
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and (26) reduces to 
Ok 1 06 ok 


Ou 


Ov 20 0°60 , eu dé 
Ou du Ow du ou ¢ dv 


Ov dv TH av cou 


If the net N,(x,) is to be of the same kind, we must have 


Oa, Ologe,d%, Aa, Oa, V dx, , Aloge, dx, 


where, as follows from (13), ¢, is given by 
es 2 26 20 


When the expression for 2,, as given by (27), is differentiated and sub- 
stituted in the first and third of (29), the resulting equations are reducible by 
means of (24) and (28) to or of the form 


where A, B, C, A,, B,, C, are determinate functions of wu and v. As the above 
equations must be satisfied by 2°”, «© and 2, the coefficients must vanish 
identically. Hence we have the following equations of condition: 


O(k+u+1)=0, V(k+r—1)=0, } 


06 00 ( 2 a0 


_ dloge UC FO _1-kV dloged | 


We break up the discussion of the problem into three cases. 
7. When U0, V+0. Nets of the First Type. Comparing equations 
(28) and (31), we find that k, w and v are constants such that 


kt+u+1=0, k+71—1=0. (32) 


| 
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Moreover, we have 


If k and x, be replaced by 1/e and 2,/e, equation (27) becomes 


1+e00 0x 1—e 00 dx (33) 


ch ov du ch Ou dv 


The equations of condition (28) and (31) are satisfied, provided @ is a 
solution of the system 


06 06  e+1 ¢« 06 
ou du'e—lc dv’ 
= e—1 7 06. 
ow e+l1lcdu' dv dd’ 


6, 
(34) 


with e=y=1. We say that a net with equations (24) where e=y=1 is of the 
first type. 

The general solution of equations (34) involves three arbitrary constants 
in addition to e. Hence we have the theorem: 

A planar net of period 3 of the first type admits ' transforms of the 
same kind. 

We remark that equations (29) for N, are of the same form as (24). 

From the results of § 2 it follows that the other two nets forming with N 
a closed cycle under Laplace transformations are in the relation of transfor- 
mations K with the two nets forming with N, a closed cycle. This remark 
applies equally well to nets of the second and third types to be discussed in 
the following sections. 

8. When U=0, V0. Nets of the Second Type. From the second of (31) 
it follows that «=0 or c,=0. Assuming e=0, we find, as in the previous case, 
that k, « and 7 are constants in the relations (32); also that V=y=1. Now 
(25) becomes 


loge 
(35) 
of which the general integral is 
2U'V’ 


where U and V are arbitrary functions of u and v respectively, and the primes 
indicate differentiation with respect to the argument. When «=0, 7=1, the 


net is of the second type. 


U=e=1, V=n=1. 
| 
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When the value (36) of c is substituted in the second of (34), we find the 
general integral of the resulting equation; it is 


where U, and V, are arbitrary functions of u and v respectively. 
The fifth of (31) is Lai am eae oe of which the general integral is 
Ou? Ou du’ 
06 
ou =cp(v), 


@ being an arbitrary function of v. When the value (37) of 6 is substituted 
in this equation, it becomes 


1 /U' 
Differentiating with respect to u, we get 
1 ‘\ , 
U,=al?-+4bU +e, (39) 


where a, b, c are constants. Substituting in (38), we find 
a—bV+cV’=V,—9@V’. 
If we replace @V’ by V,, so that 


(40) 
equation (37) reduces to 
Vi 2UV, | 


The last of (31) remains to be satisfied; it may be taken in the form of the 
last of (34). Substituting the expression (41) for @ in this equation, we have 
for the determination of V, the equation 
V (5) —V 4 (42) 
Thus the solution of this equation determines the transformations of nets of 
the second type into nets of the same kind. As before we have the theorem: 
A planar net of the second type admits «* transforms of the same kind, 
and their determination requires the integration of an ordinary differential 
equation of the third order. 
It remains for us to consider the second possibility for the satisfaction of 
the second of (31), namely, e=1, c,=0. Then, from (31) we get the two equa- 
18 
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tions (32), and from the first two of (28) it follows that k, uw and v are con- 
stants. Then the fifth equations of (28) and (31) are inconsistent. 

From the results of §§ 6, 7 it follows that a net of the first or second type 
does not admit a transformation K into a net of the second or first type 
respectively. 

So far as the actual determination of nets of the second type goes, it will 
be shown that it is a problem of the integration of an ordinary differential 
equation of the third order involving an arbitrary function. In fact, when in 


(1) and (6) 
equations (7) are equivalent to 
Ologe dloge @loge _ 

where V, is an arbitrary function of v alone. The function c is given by (36). 
If U and V be taken as the parameters and be replaced by u and v, in place of 
(24) we have the system 

1l+uvdu’? dudv (1+ uv)?” ov’ 
The integral of the second of these equations is of the form (37) with U and 
V replaced by wu and v. In order that the other two equations shall be satis- 
fied, we find, similarly to (41), that the coordinates of the net are of the form 


where the functions ¥,; are linearly independent solutions of the equation 
—2V 
Thus the above statement has been proved. 

9. Transformations Z of Nets of the First and Second Types, The equation 
(25) is such that if c(u, v) is a solution, so also is c,,=c(mu, v/m), where m 
is any constant. Hence with a net N of the first or second type which has 
equations of the form (24) in which ¢ is known there is associated a net JN, 


Ox Qu ox 


Ou 


whose equations are 


du ™ Ou Cn Ov’ Qudv Oy? Cm OU 
As this transformation from N to N,, is suggestive of the so-called Lie trans- 
formation of pseudo-spherical surfaces,* we call it a transformation L,,. 


*E., p. 289. 
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We return to the consideration of equations (34) and note that if we 
effect the change of variables given by 


e—l 


these equations reduce to 
Comparing these equations with the preceding set, we see that the general 
solution of these equations, and, consequently, of (34), is given by 


6 => mv), 


where a, are constants, 2“(u, v) are the coordinates of the net N,, and 


Hence we have the theorem: 

The complete determination of transformations K of nets of the first and 
second types is the same analytical problem as the complete determination of 
transformations L. 

10. When U=V=0. Nets of the Third Type. We consider first the case 
where c, $0. Then, as follows from (31),¢=7=0. In this case the net N is 
said to be of the third type. Now the last two of (31) reduce to (34) with 
e=7=0, and ¢ is given by (36). Hence 6 is of the form (37) with U, given 
by (39) and V, by a similar expression, say 

Accordingly 6 is reducible to the form 
[f(1—UV)+gU+hV]/(1+ 0D), 
where f, g, h are arbitrary constants whose form in terms of the constants 
b,,...., 18 unessential. 

When e=7=0, it is not necessary to make a special choice of parameters 
u and v so as to reduce the equations of the net to the form (24). As the 
parameters are consequently undetermined, we can assume that they are 
chosen so that the most general form of 6 is 


6=[f(1—uv) +guthv]/(1+uv). (43) 
From the last two of (28) we have 
v=V,, 


— 
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where U, and V, are functions of u and v respectively. The third and fourth 
of (28) reduce to 


(h—2fu—gu’), O(k+y—1) = (g—2fo—ho"), (44) 
expressions which are consistent with the first two of (28). 
If equations (44) be subtracted from one another, we get 
[f(l—uv) +gut+thv] (U,—V,4+2) 
(h—2fu— gt) — (g—2fo—he’) |(1 +00), (45) 


Differentiating with respect to uv and v, we have 
[ (A—fu) (h—gv) 
=| (h—2fut- grt) | 


This equation may be replaced by the two 


, 


[°F |. 


(h—2fu+ gu’) —f)0,— 2f+a+ ’ 
(46) 


where a, @, y are constants. Substituting in (45), we obtain 
This equation is equivalent to 
(h—2fu—gu’) U,= 
(g—2fv—hv’) V,=dv—2hv’—y + Br’, 
where 6 is a constant. These results are consistent with (46) when 6=—2z, 
in which case we have from (44) for the determination of k, 
k(f(1—uv) +gu+thv] = (f—a) (l—uv) + (g+y)ut (B—h)v. 
When the constants a, 6, y satisfy the conditions 
(8/h) —2=y/g=—a/f, 
and only in this case, U, and V, are constants. Then & is constant, and the 
equations of the transformation are of the form (33). As in the other two 
cases, we have the theorem: 
A planar net of the third type admits ' transforms of the same kind, and 
they can be found without quadrature. 
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We consider now the case where c,=0. From (30) it follows that 
§=1/(U+Y), 
where U and V are functions of vu and v respectively. When this value is 
substituted in the second of (34), we find 


e=2U'V’/(U+V)?’. 
In order that this value may satisfy (25), we must have e,=0. The last two 
of equations (31) reduce to ‘ 
 dloge 06  dloge 06 
which are satisfied identically by the above values, whatever be U and IV. 
From the fifth and fourth of (28) we get 


v=V,, k=(U+V) (V;/2V’)—V,+1, 
where V, is an arbitrary function of v. From the second of (28) we have 


These values satisfy the first and third of equations (28) identically, but in 
order that the last of (28) be satisfied, V, must be such that 


V, 

The function & is constant only when V, is constant. Then from the 
above equation 7=0. 

The results just obtained show that nets of the second and third types 


admit transformation K into nets whose equations are given by (1) and (6) 


when 
=a’ 


11. Theorem of Permutability. In this section we establish a theorem of 
permutability of the transformations of nets of period 3. 

We take two functions 0; and two constants e; (‘=1, 2) satisfying the 
systems analogous to (34), namely 


06; dloge 00; e,+1 06, 00; 
e—1 7; 00, Aloge 


6;, 


Thus far we suppose ¢; and 7; capable of assuming either values 0 or 1. 


141 
(i=1,2) } (47) 
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By means of 6, and 6, we effect transformations of N into. N, and N, 
respectively. From the form of (12) it follows that there exists functions 6, 


and i defined by 


Evidently the constants of integration in these equations can be chosen so that 
6,91 6,601 =0. 


Hereafter we assume that the functions 6,. and 0@,, are paired in this way, and 
there are o' such pairs. 

The functions 6,, and 9,, can be used to effect transformations 7 of N, and 
N, respectively into the same net N,,.* We seek the conditions that N,, shall 


be a net of period 3. 
From the preceding investigation it follows that 6, must satisfy the 


equations 


where ¢, is given by (30), and ¢, and 7, are 0 or 1, as the case may be. 
2 
If equations (48) be differentiated and the expressions for = and — 
be substituted in (49), the resulting equations are reducible to 


6, + 00, 00, 26, +1 00, 06, 
1 


cb, e,—1 Ov Ou cb, du dv 

+ + 1 00, 00, 2%, 06, 

CO, +1 Ov Ou e,+1 Ou ov 


We consider first the case when N is of the first type. As we have seen in 
§ 7, the nets N,, N. and N,, are then of the first type. Thus all the e’s and »’s 
are equal tol. Making this substitution in (50), and eliminating 6,, from the 
resulting equations, we get 
du dav Ou dv 


(50) 


* Transactions, loc. cit., §$ 5, 11. 
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It is readily shown that the expression in the parenthesis vanishes only 
when 6,/6,=const., but in this case N, and N, are the same net. Since c,$0, 
we have ¢,=e,. Then equations (50) reduce to the single one 


(€,+1) (e,—1) 06, (@+1) (e,—1) 00, 06, 
Cc Ov Ou Cc Ou dv 
+ 6,0, (e,—e,) =0. (51) 


) + 


This value satisfies equations (48). Hence we have the theorem: 

If N, and N, are nets of the first type, which are transforms of a net N of 
this type, there exists a unique net Ny, of the first type, which is a transform 
of N, and N.; and it can be found without quadratures. 

From the equations of the theorem of permutability of transformations 
T * we find that for the present choice of coordinates the coordinates of N,, 
are given by 

912 = 0, (52) 

We suppose now that the nets N, N, and N, are of the second type. If 
Ny also is to be of this type, the e’s must have the value zero, and the »y’s one. 
Then the first of (50) is satisfied identically, and if the second be differentiated 
with respect to u, and use is made of (48), the result is reducible to 


06, — Cp 
Ou (e2+1) 


Hence e,,.=e, and the second of (50) reduces to (51). As this value satisfies 
the second of (48), we have the theorem: 


0. 


If N, and N,, nets of the second type, are transforms of a net N of the 
second type, there exists a unique net Ny» of the second type which is their 
transform. 

We consider finally the possibility of all four nets VN, N,, N., Ny being of 
the third type. In this case equations (50) are satisfied identically, and con- 
sequently all the nets N,, are of the third type. Let the functions 6, and 62 
determining the transforms N, and N, be, according to (43), 


By differentiation we have 


ou (lt+uv)? (lt+uv)? 


* Transactions, p. 107. 
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Substituting these values in (48) and making use of the abbreviation (ab) 

=(1,b,—a,b,, we get 

_ + (fog)? + (gh) 

The integral of these equations is 


—4(gh) (1—uv) —(fg)u+ (fh) v 
1+uv 


(6,6,.) 


+const. 


0,6,.= 
Hence we have the theorem: 

If N is a net of the third type, and N, and N, are two transforms of this 
type, there can be found without quadrature «' nets N,, which are transforms 
of N, and Ny. 

12. Surfaces of Tzitzeica. When the homogeneous point coordinates of a 
net of period 3 are chosen so that they satisfy equations (24), they are the 
non-homogeneous coordinates of a surface referred to its asymptotic lines. In 
case e=7=0, the surface is a central quadric. When 7=1, the surface is 
ruled or not according as e=0 or 1. These surfaces were discovered by 
Tzitzeica * in his search for surfaces whose total curvature at each point is in 
constant ratio with the fourth power of the distance of the tangent plane at 
the point from a point fixed in space, and constitute the complete solution of 
the problem. 

We have seen in § 8 that the complete determination of the ruled surfaces 
of Tzitzeica requires the integration of an equation of the third order. Making 
use of this result and the expressions for the coordinates as there given, 
Tzitzeica showed + that these ruled surfaces are characterized by the property 
that their flexnode curve is at infinity. . 

Since the transformation of the planar nets as given by (33) is reciprocal] 
in character, it follows that the equations of the inverse transformation are of 
the same form. Interpreted for the surface whose non-homogeneous coor- 
dinates are x”, 2, «®, we have transformations of these surfaces into surfaces 
of the same kind, such that a surface and a transform are the focal surfaces of 
a W-congruence. Tzitzeica} announced, without proof, the existence of these 


transformations. 
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Orthogonal Function Sets Arising from Integral Equations." 


By O. D. KeEtvoce. 


1. Introduction. 


As is well known,t K (a, y) being a real, continuous, symmetric function, 
not identically zero, on the square 0<xa<1, 0<y<1, there is at least one value 
of A for which the integral equation 


=2,f K (a, y)dy (1) 


has a solution, (x), continuous, and not identically zero. Unless K(a, y) is 
the sum of a finite number of products like +$(x7)@(y), there is an infinite 
number of such values of A, and, in case it converges uniformly, the following 
development holds for K (a, y): 


K (a, y) = 


where $;() is the normed solution of (1) corresponding to 2;.. The functions 
Do (Xx), ...., form an orthogonal set on the interval (0,1). They 
will be called the “harmonics” of the kernel K(x, y), and the corresponding 
values of 4;, their “frequencies.” The “iterated kernels” are defined by 


1 

K,(a, y)={ r)K(r, y)dr, and Ky(,y)=K(a,y). (3) 

For these, the developments, known to be uniformly convergent ¢ for i22, hold: 


* Presented to the American Mathematical Socie.y, September 4, 1917. 

+ See, for instance, Schmidt, “ Entwickelung wilkiirlicher Functionen nach Systemen vorgeschrie- 
bener,” Diss. Gittingen, 1915; Bécher, “An Introduction to the Study of Integral Equations,” Cambridge 
tracts in math. and math. phys., 1909; Kowalewski, “ Einfiihrung in die Determinantentheorie,” Veit u. 
Comp., Leipzig, 1909. 

+ Kowalewski, loc. cit., p. 533. 
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In a previous paper* I have shown that a number of the oscillation 
properties of the more common orthogonal sets are consequences of continuity, 
orthogonality, and the added condition: 

(D): D,(%, ...-;%) >0 on the range R: 0<a%<2,....%,<1, for 
e=20, 1, 2,....., where 


(Xn), 9:(%,), 9, (2%), 
and Dy(a») 

It was stated that it appeared desirable to connect this condition with the 
theory of integral equations. The following is intended as a contribution to 
this point. 


2. The Condition on K(a, y). 


To find the necessary and sufficient condition on K (a, y) in order that its 
harmonics may have the property (D) presents difficulties, since the same 
harmonics may arise from a variety of kernels, the frequencies being altered. 
However, a condition may be found which is simple, and which appears to be 
satisfied in the more common cases. We proceed to indicate considerations 
which suggest this condition, and which make it appear useful. 

It is a property of the more common sets that if Do, (2) =c.@ (x) +61, (2) 
+....+6¢,,(2) is a linear combination of the harmonics of K(x, y), the 


1 
function { ®,,,(y) K(x, y)dy has no more sign changes in the interior of (0, 1) 
0 


than ®,, (x), and in many cases, this property holds for any continuous func- 
tion f(z). Assuming that it does, let y,¥,,....,y, be any n+1 points on R. 
Choose for f(x) any continuous function f(x, ¢) equal to 0 except on the sub- 
intervals (y,;—e«, y;+«), where it is determined so that 


the c,; being independent of ¢, and /(z, €) not changing sign on any sub-interval. 
If the c,; are all of one sign, f(a, ¢) will have sign changes, otherwise fewer. 


* AMERICAN JOURNAL OF MATHEMATICS, Vol. XXXVIII, No. 1 (1916), p. 1. The condition (D) em- 
ployed in that paper, and in this, which requires determinants of the functions ¢; (x) to be positive, is in 
reality no more restrictive than that they be different frum zero, as is evident when we reflect that tbe 
function ¢n(#) may be replaced, if necessary, by its negative, without affecting any other hypothesis. 
But it is more convenient to retain it in the original form. 
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al 
If now the law of the mean be applied to the integral { f(y, e)K (a, y)dy, and 


the limit taken as e=0, the result is 
yo) —QK (a, +....+(—1)* K (a, y,), 


and it may be shown, on our assumption, that this has no more sign changes 
that f(z, ¢). In other words, there is no set of positive numbers a,@,...-; 
a,41, and no set of points x, %,,...., Z,,; on R for which the following equa- 
tions are possible: 


CoK (ao, Yo) (&, (—1)*e,K Yn) =, ) 
[ek (a, Yo) —¢,K (%, Y;) (—1)*c,K Yn) =, (5) 


Now let M,, M,, ...., M,,, be the determinants formed from the matrix 


by omitting the first, second, third rows, and so forth. No two of the quanti- 
ties M, can differ in sign, since in the contrary case the equation M,a,+M,a, 
+....+M,.:4,,,;=0 would be possible with all a; positive, and for such a, the 
equations (5) would be compatible. So we conclude that no two of the 
determinants 
K Yo), K (Xo, K (Mos Yn) 
K K (a, Yo), K (1,41), K(X, (7) 


taken from the same matrix (6), can have opposite signs. If, now, we can 
pass through a chain of such determinants, different from 0, from any given 
one to any given second, we may conclude that the determinant (7) is either 
never negative, or never positive on the region RR: 0<a<a....<4,<1. 
O<Y<yy....<Yy,<1. Thus is indicated the condition of the next paragraph, 


3. A Sufficient Condition Upon K (a, y). 
We shall suppose the function A (2%, y), in addition to being real, con- 
tinuous, and symmetric on the square 0<x7<1, 0<y<1, to have the property: 
(K):K 20 on RR for n=0, 1,2, ...., the inequality 

Yos Yio Yn 
holding when for alli. By K is understood K y). 


; 
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If this property is not enjoyed by K(z, y), it may be by one of the 
iterated kernels (3), which has the same harmonics. We proceed to prove the 
theorem: 

If K(a, y) is real, continuous, and symmetric on the square 0<x<1, 
O<y<1, and has the property (K), its harmonics have the property (D), 
with, of course, all the properties derived in the paper referred to. 

We begin with the following special case as a lemma: 

If K(a, y) is real, continuous and symmetric and satisfies (K) for n=0, 
it has but one frequency of least absolute value, and but one harmonic corre- 
sponding to this frequency. This harmonic never vanishes on the interior of 
the interval (0,1), and its frequency is positive. 

It should be noticed that the property (K) for n=0 is retained in the 
iterated kernels. We start from the first iterated kernel, K,(2, y), whose 
frequencies, being the squares of those of AK (2, y) are all positive. Its least 
frequency is thus 4}, which we may assume to be 1 without impairing the 
argument, since we may replace K,(2, y) by A;K,(a, y), the latter kernel 
having 1 as least frequency. If more than one harmonic corresponded to 1, 
the development (2) would take the form: 


Ky (2, y) (2) Oily) +On(%) (y) 


2 
An+1 An+2 


(8) 


where in the first line appear the harmonics corresponding to 1, and in the 
second, those corresponding to frequencies greater than1. Repeated iteration 
diminishes these later terms, and in the limit we have a function 


F(x, y) +--+ (9) 
which is continuous, never negative, and symmetric. The harmonics com- 
posing it may be assumed to be normed and orthogonal. /F'(z, y) may, more- 
over, be shown to be positive throughout the whole interior of the square 
0<2<1, 0<y<l,as follows. It has positive elements, since it is not identi- 
cally 0, and it is, for any fixed y, a solution of the integral equation 


f(x) = f f(y) Kila, y)dy. Let b be a value of y such that f(z) =F b) is 
0 


positive at some point 0<a<1. Then f(z) can not be 0 at any interior point, 
for if it were, there would be an interior point, a, terminating an interval on 
which f(a) >0, and this would lead to the contradiction 


f(a) =0= f f(y) Kila, y)dy, 
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the integrand being positive near y=a, and never negative. Thus F(z, y) >0 
at all points of the line y=b, and being symmetric, at all points of x=b. 
Hence, the argument being repeated with any other value of y, the conclusion 
is established. We shall now show that F(a, y) being >0 within the square, 
the sum (9) reduces to a single product. 

We must distinguish three cases according to the behavior of F(z, y) on 
the sides of the square. We note that the equation holds: 


1 
F(a, y)= F(x, r)F(r, (10) 
0 
If F(x, y) vanishes at a boundary point, say (0, b), we have 
al 
O= F(0, r)F(r, b)dr, 
0 


and as the integrand is never negative, it must vanish for all r. If 0<b<1, 
F(r,b)>0 for all interior r, and F(0,r)=0. If b=0, the integrand is a 
square, and the same conclusion follows. If b=1, either one of the factors 
must vanish on the whole open interval, or one factor must vanish at some 
points, and the other at all the rest at least. But the last alternative is im- 
possible, since (10) will show that if F(z, y) is positive at one boundary point, 
it will be positive on the whole open side. We conclude that if F(a, y) van- 
ishes at any boundary point between corners, it vanishes on the whole side 
corresponding, and by symmetry, on a second side. The cases, then, are: I, 
F(a, y) >0 on the closed square; II, F(z, y) >0 on the open square, but van- 
ishing on the whole boundary; and III, F(z, y) >0 on the open square and on 
two symmetric sides, but vanishing on the other two. 

If b is any interior point, F(a, b) is a harmonic, since (9) shows it to be 
a linear homogeneous combination of harmonics with constant coefficients. It 
may then be normalized and considered one of the harmonics ¢,(x), since if 
the functions of (9) be subjected to an orthogonal transformation, its form 
remains unaltered, the harmonics remaining normed and orthogonal. We may 


therefore identify @(#) with F(a, b)/ f Fa, b) da. 
0 


Case I. Here (2) >0 on the closed interval (0,1). If there is a 
second function ¢,(z), its ratio to @)(x) is continuous on the closed interval, 
and hence attains its maximum, M, say for z=a. Then Mq,(x)—9,(x)20 on 
(0,1). But as 
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we have, for x=a, a contradiction, since the integrand is continuous, has posi- 
tive elements, and is never negative, while the left-hand side vanishes. 


Case II. Here, F(x, y) being uniformly continuous, and vanishing on the 
whole boundary, it is possible, given e>0, to find ¢>0, such that 0< F(a, y) <é 
for 0<a<6, and all y, and for 1—d <a@<1 and all y, and for the correspond- 
ing regions formed by interchanging x and y. A similar condition holds for 
all harmonics as a consequence. For, for or 


1 
=f F(x, y);(y)dy is less in absolute value than 
0 


ef 


Now, if there be a second harmonic, the ratio $,(%)/)(”) is continuous 
on the closed interval (6, 1—é), and attains its maximum M, say for z=a 
within this interval. Then Mg,(x%)—9,(z)20 on (6,1—84), and on the 
rest of (0,1), since @(x)20, >—e. But (x) 


1 1-6 6 al 
F(a, y) ldy= +f + , and as the first integral 
0 6 0 1-6 


is never negative, we conclude that for 0<a<é, or 
—?,(”) >—2de*. If the process is repeated, we see that this function is 
greater than — (2de)*e, and so on, so that the lower limit of M@,(x) —9,(z) 
ean only be 0 on the whole interval (0,1). We may then complete the rea- 
soning as in Case I. 

Case III. A combination of the methods employed in the first two cases 
leads to the same result, that there can not be a second harmonic. 

Thus $(xz), except for a multiplicative constant, is the only harmonic of 
K,(a, y) of frequency 1, and therefore the only harmonic of K(x, y) of fre- 
quency +1 or —1. We have seen that it does not vanish within (0,1). Since 
it satisfies the integral equation (1) its frequency must be +1, because the 
integral and the left member of the equation have the same signs. This com- 
pletes the proof of the lemma. 

It is important for what follows to notice that though the lemma is proven 
for a kernel in two variables, the proof can be easily adapted to a real, con- 
tinuous kernel symmetric in two sets of variables. 

The lemma has established the property (D) for the harmonics 9,(x) for 
n=0. To extend the argument to all values of ”, we proceed to derive integra! 
equations which the determinants D,, D,,.... satisfy, and apply the lemma to 


their kernels. 


. 
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An abbreviation will be helpful. Let & stand for the aggregate of 
variables fOr Yo, Yry----,Y,3 and let us write x(&, 7) for 


K and A(&) for D,(a,%,...., Let S stand for the 
Yor +9 Yn 


region 0<4,<1, i=0,1,...., and by { let us understand 


0’ 0 ( 


1 pl al 
e 


4. The Integral Equation for A(&). 
We apply to A(z)x(&, ~) Lagrange’s product formula: 


A(é)x(&, n) = (y;)K (a%, yi), (yi) (25. (y;)K (aq, Yi) 


(Yi) K (os Yi), 29, (yi) K (ax, Yi); (yi) K (ay, Yi) 


Po (y;,) K(X, Yinds Do (Yi) K (a, eds + K 
91 (y;,) K (%, Yinds Di (y;,) K Yodo K 


(y;,) K (%, Pr (Yi,) K (a, Yi,)s (Yi,) K (%,, Yi,) 
where in the summation 1, 1,,...., 7, take on all values from 0 to n. How- 
ever, if any two of the indices are equal, the corresponding determinant is 0, 
two columns becoming proportional, so that the indices may be restricted to 
the (n+1)! permutations of the numbers 0,1,....,”. Thus we have (n+1)! 
terms, which, after integration over the field S, all become equal, namely to 


Hence the required integral equation for A(é) is 
al 
x(E)= n)dn, (12) 


the solution corresponding to w= (A .A,)/(n+1) !. 

Various other solutions are obtained by forming determinants of sets of 
n+1 of the functions ¢,;(7), other than the first n+1, the frequencies being 
the products of the corresponding frequencies of the $;(~) divided by (n+1)! 
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In order to apply the lemma of the last paragraph, it is necessary to know 
that the frequency of A(é) is the one of smallest absolute value of the kerne! 
x(&,7). Todo this, we shall show that x(&, 7) has no other frequencies than 
those of the form = + (2,2,,....4;,)/(n+1)!. This is the subject of the next 
paragraph. 

5. The Frequencies of x(&, x). 

We shall here make use of the following fact: 2,,2,,...., being a set 
of real quantities, they are determined by the power sums s4.=X1/A;, 
S_»=L1/Aj,...., im case these sums are absolutely convergent. The truth 
of this fact follows from our knowledge that the power sums determine a 
transcendental integral function whose roots the 2; are.* Let us now assume, 
the justification to follow later, that K (az, y) is the first iterated kernel of a 
real continuous symmetric kernel. It will follow from (4) that the power 
sums all converge absolutely, and will be given by 


1 


Under the assumption just made, x(&, 7) will also be the first iterated kernel 
of a real, symmetric, continuous kernel and the power sums of its frequencies, 


also absolutely convergent, will be given by 
f p)dp=Z1/ui. (14) 


We are concerned with establishing the equations: 


tos tye 


In order to prove this formula for ;=1, we introduce the notation p,, defining 


it by the equation: 


Vos Vis r 
v's 


K (7%, Yo), K(r, K r,) 
K(1r1,%%), K(r1, 71), ay te dr dr,....ar (16) 


and shall prove that p, is the sum of the products of the reciprocals of the 
A;n atatime. It will be noticed that the terms of the expanded determinant 


*Log P=log (1—2z/d) (1—2/A,) .. . . has these sums, apart from numerical factors, as 
coefficients, when expanded in a power series. 
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contain only products of the form AK 
al 

which, upon integration becomes | K,_,(", r)dr, =s_,. Fixing our attention 
0 


upon those products containing a factor from the first row and one from the 
first column, we easily verify the following recursion formula for p,,,;: 


(+1) Dy 4) =S_1 + (—1)"8_4. 
But this is the recursion formula for the product sums in terms of the power 
sums given in the theory of algebraic equations, and applicable here because 
of the convergence of the power sums. And as (16) also gives p,=s_,, it is 
clear that p, is the product sum stated.* 


On the other hand, (n+1)!p,,,, by (16) is Sxl, p)dp=s'’_,, so that (15) 


is proved for j=1. 
To extend the proof is not difficult. We compute the value of the integral 


o)x(p, just as we did A(n)x(E, n)dy in the last para- 


graph, obtaining 
x, (&, = (n+1) ! K,(%,, Yo)s K, (a, K,(%; Yn) (17) 


(2, , Yo); K,(&,, Ky (%,, Yn) 
This shows that the power sum s’_, may be computed just as was s 


, 


2 only 
replacing K (a, y) by K,(a, y) and multiplying by (n+1)!. But the effect of 
replacing K(x, y) by K,(a, y) is to replace the numbers 4; by their squares. 
Thus the formula (15) is demonstrated for ;=2. It is clear that the method 
is general, and we may regard (15) as true for all positive integers 7. 

Reverting to our assumption that K(z, y) was the first iterated kernel of 
a continuous symmetric kernel, we note that should there be doubt of this, we 
may, in the above reasoning, begin with K,(2, y) instead of K(a, y). Equa- 
tion (17) then shows that x(£, 7) would be replaced by x,(&, 7)/(m+1)!, and 
instead of the frequencies of x(&,7) being identified with the products 
(A;,A:,-+--A:,)/(n+1)!, we should only have their squares identified with the 
squares of these products. But this is sufficient for the purposes in hand, and 
‘gives the result announced at the close of the last paragraph. 


* The result has an interesting bearing on the Fredholm series for symmetric kernels, for p, is the 

coeflicient of (—A)” in the series d(A)=1— Tr SK, r)dr+ — Whose 
roots are the frequencies of K(«, y). It shows that if the power sums are absolutely convergent, as they 
will be, for example, if K(x, y) is the first iterated kernel of a real, symmetric, continuous kernel, the 
transcendental] integral function d(d) contains as factor no transcendental integral function without zeros. 
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6. The Property (D). 

Evidently the sign of A(é) is not constant on S, as an interchange of two 
arguments changes the sign of A(£). But we are concerned only with showing 
it different from 0 on R. We therefore substitute in the equation (12), the 
field R for the field S. In doing so, we note that A(y) and x(&, 7) are alter- 
nating functions on S for 7, and that therefore their product is symmetric. 
Hence the field R is one of (n+1)! symmetric sub-fields for the integral, 
corresponding to one of the (n+1)! orders of the arguments y. Hence 


A(n)x(E, n)dn=(n+1)!f so that now satisfies the 


equation 
=v f (18) 


for v=A,A,....4,- This equation will have the same harmonics as (12), and 
its frequencies will evidently be those of (12) multiplied by (n+1)!. 

The hypothesis (K) on K (2, y) includes the hypothesis (K) for n=0 on 
x(&,7), and the lemma of paragraph 3 applies. As the frequency of least 
absolute value of x(&,7) is +Aoa,....A,, Since this is the smallest (or one of 
the smallest, in case several are equal) product of +1 of the A; in absolute 
value, the single harmonic belonging to this frequency must be A(£). And 
this one harmonic does not vanish on R. Hence, by proper choice of the sign 
of ,(x), we may conclude A(é)=D,(%, %,...-,%,) >0 on R, and the 
property (D) is thus generally established for the harmonics of K (a, y). 


7. A Generalization. 

As, in the foregoing, we have used the hypothesis (A) only for one value 
of n, the following theorem follows: 

If the real, continuous, symmetric kernel K(x, y) satisfies the hypothesis 
(K) forn=m, m%,...., then the harmonics of K(x, y) satisfy the condition 

In the next number of this Journal I shall establish the property (D) for 
the orthogonal] function sets arising from ordinary linear homogeneous differ- 
ential equations of the second order. 


COLUMBIA, Mo., October 20, 1917. 
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Complete Systems of Concomitants of the Three-Point and 
the Four-Point in Elementary Geometry. 


By Cuarites Henry Raw JR. 


INTRODUCTION. 


In this discussion, two point-sets, containing three and four points respec- 
tively, are subjected to three transformations of elementary geometry; and 
complete systems of invariants and covariants, corresponding to the respective 
transformations, are derived. In the process we obtain some interesting 
geometric applications of the theory of binary forms and of symmetric 
functions. 


PART I. 
Invariants Unprer TRANSLATION. 


Section (a): The Three-Point. 
Consider first the three-point under translation. Let the points have 
complex coordinates a, 6, y, respectively, the roots of a cubic 
Since translation is effected by adding to each root the same vector p, the 
invariants of the three-point under translation are the geometric equivalents 
of the invariants of the cubie under the transformation 
a’ p. 
Invariants under such a transformation are known, in the theory of binary 


forms, as seminvariants. Their complete system for the cubic is known* to 


consist of the coefficients of the eubie when so transformed that its second term 
vanishes, and the discriminant 


Substituting »— (a,/a,.) for x in the eubic, we obtain 
+34,4+A,=0, 


* Elliott, “ Algebra of Quantics,” pp. 140, 162. 
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the form desired, where, except for factor a,, 
Ag=Aa.—a?, 
Connecting these is the syzygy 
AjA=4A43+ A} 
However, without loss of generality, we can consider A, (or a,) as having 
the fixed value unity, in which case A is expressed integrally in terms of 


A, and A,;. Therefore 
The complete system of invariants of the three-point under translation 


consists of A, and A;. 
Since the shape of the three-point is an invariant property under trans- 
lation, the vanishing of A, or A; indicates some condition on the shape. 
Vanishing of A,:—If A,=0, the cubic is 
A,=—0, 
with roots in ratio 1:@:@’, where w is one of the complex cube roots of unity. 
The points form, therefore, the vertices of an equilateral triangle. 
Vanishing of A,: —If A,;=0, the cubic is 
with roots in ratio 0:1:—1. Hence the points are collinear, with one midway 
between the others. 
A, being absent, the sum of the roots is zero and therefore the origin is at 
the centroid. 
. Section (b): The Four-Point. 
Similarly, the complete system of seminvariants of the four-point 
+4a,2° + 
consists of * 
A,y=4(=1), A,=a,a,—aj, 2a}, 
I =aa,—4a,0,+3a3, 


However, since 
—3 A}, 


we will use it instead of J. 
Again the origin is at the centroid, and the vanishing of an invariant is a 
condition on the shape of the configuration. 
Vanishing of A,:—Let a, 8, y,¢ be the roots of 


* Elliott, supra, p. 170. 
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4 4 
Then, if A,=0, Xa8=0; so that, since La=0, then La?=0. Refer the system 
to rectangular axes through the origin, so that a=X,+iY,, B=X,+iY,, ete. 
Then 


M- 


(X,+iY,)?=0. 


j=1 
Expanding and equating real paris, 


Lx? —LY*=0. 


But 


where the R’s are distances from the origin to the respective points, constants 
in the present discussion. Therefore 


(1) 


If the points are of unit mass, UX is the moment of inertia of the system 
about the Y-axis. But, the direction of this axis having been arbitrarily 
chosen, (1) tells us that the moment of inertia is the same for all axes through 
the centroid, thus making the “ellipse of inertia” * a circle. 

Vanishing of A,:—If A,=0, the quartic is 

4,=0, 


with factors 2°—m,, 2°—m,, and roots +Vm,, +Vm,. Hence the points 
form the vertices of a parallelogram. 

Vanishing of A,:—If A,=0, one root of the quartic is zero. Hence one 
point lies at the centroid of the other three. 

Vanishing of J:—The vanishing of J is known to be the condition that 
the four roots form harmonic pairs; or, geometrically, that the four points lie 
on one of a set of three mutually orthogonal circles, at its intersections with 
the other two. . 

Since infinity is unaltered by a finite translation, it has not been necessary, 
in the foregoing, to consider it as part of the apparatus employed. 


PART Ii. 
Monocenic ConcoMITANTS IN CoMPLEX PLANE. 


Section (a): General Theory. 


We will consider next the monogenic concomitants of the point-sets in the 
complex plane, that is, concomitants not involving the conjugates of any of 


* Routh, “Rigid Dynamics,” Chap. I. 


| 


158 Rawuins: Complete Systems of Concomitants of the 


the complex quantities used. Then the most general (linear) transformation 


possible is 
= (ax+b)/(cx+d) 

the product of an even number of inversions. Since infinity is not, in general, 
a fixed point of this transformation, it must be considered explicitly, that is: 

We must discuss not merely the concomitants of a point-set, but the con- 
comitants of the point at infinity and the point-set. Hence we use the theory 
of a binary cubic (quartic) and a linear form. From this theory we learn * 
that the complete system of the cubic (quartic) and the linear form consists 
of the linear form, the complete system of the cubic (quartic) and the polars 
of this system with respect to the linear form. 

The linear form being the equation of infinity, its polar operator, under 
the present notation, is simply d/dx. 


Section (b): The Three-Point. 


The complete system of the cubic consists of + 


the cubic itself: C as, 
the Jacobian: 
the Hessian: H=A,v'+...., 


the discriminant: A= (ay)a.—aj) (a,43—4a3). 


Successive derivatives of these are (neglecting constant factors) : 


C’ C”=a¢+a,, C’’=a, (negligible), 


As in Part I, Section (a), 4 is expressible integrally in terms of A, and A,. 


Complete System.—Thus the complete system contains 


two cubics: C, 

three quadratics: C’, i, 

three linear forms: 

two invariants: =A, 


Geometric Equivalents.—We will state, without demonstration, the geo- 


metric equivalents (see figure). 


*Grace & Young, “Algebra of Invariants,” 138 A. 
+ Salmon, “ Higher Algebra”; Elliott and Grace & Young, supra. 
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The G-points are cut out of the circle on the C-points by means of the 
three Apollonian circles, that is, circles each on one C-point and drawn about 
the other two. The Apollonian circles are members of a pencil whose fixed 
points are the H-points. C’ are the foci of the ellipse inscribed in the C-tri- 
angle with its center at the centroid, and C” is the centroid. G’ and G” are 
similarly related to the G-triangle. H’ is midway between the H-points. If 
A,=0, an H-point is at infinity. If 4,—0, a G-point is at infinity. 


Section (c): The Four-Powit. 


The complete system of the quartic consists of 


the quartic itself: +4a,0° + 60,27 +4a,7+ ay, 
the Jacobian: G=Agt + ....; 
the Hessian: 


two invariants: 


‘ 2 3 
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Complete System.—Taking derivatives, the complete system of the four- 


point is 


one sextic: G, 

one quintic: G’, 

three quartics: &@, 

three quadratics: 

three linear forms: 

four invariants: BP = d,, i, J. 


Geometric Equivalents.—We will define a few of the geometric equivalents 
of these forms. G is the double points of the involutions formed by taking 
the Q-points in pairs. ‘The derived forms can be interpreted by the following 
theorem : * 

Given $(Pi, Pz, ---+») P,) =0, homogeneous in the p’s, as the equation of a 
curve, where the p’s are the distances from given points a,, Q.,....,4,, 
respectively, to a line of the curve, the foci of the curve are the roots of 
$(w—a,, ...., X—a,) = 9. 

Suppose now points, a,, d,,...., @,, given by 


f=(a—a,) =0. 
The derived equation can be put in the form 


1 1] 


By the theorem, /’ gives the foci of the curve 
1/p.=0, 
t=1 


which is of class n—1, is on the n(m—1)/2 joins of the » points and touches 
each join at its mid-point. 

Hence G’ is the foci of such a curve on the joins of the G-points, and 
similarly for the other derived forms. 

If A,=0, an H-point is at infinity. If A,=—0, a G-point is at infinity. 


* F. Morley, Lectures 1915-16, Johns Hopkins University. 
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PART III. 
CoNcoMITANTS IN MeErricaL GEOMETRY. 


Coming now to the realm of metrical geometry, we will derive a complete 
system of curves symmetrically related to the members of a point-set. We 
assume barycentric coordinates, the line at infinity, and the two imaginary cir- 
cular points (the absolute) on this line. 


Section (a): The Three-Point. 
Take the three points as vertices of the reference triangle, and denote by 
A, the square of the length of side lying on x,=0. Then, any curve connected 
metrically and symmetrically to the points is expressed as a function of two 
rows, 
Hy, UW, 
dos Ai, Ar; 


which remains unchanged, to within the algebraic sign, when A; and a; are 
interchanged with 4; and 2;, respectively. 
Thus, our problem reduces to that of deriving a complete system of such 
functions. 
Section (b): The Four-Point. 
If the four points are referred to their diagonal triangle as reference 
triangle, their coordinates are of the form 


by, +b,, 


and the entire set is defined by three quantities a), a,, a,, such that a;—b}. 
Then a curve of the kind desired is expressed as a function of three rows, 


Hoy UMW, 
Ao; Ai; Ass 
ay, Ae» 


which remains unchanged, to within the algebraic sign, when 2,, 2,;, a,, are 
interchanged with 2;, respectively. 

We must derive, then, a complete system of these functions. 

Since the three-rowed functions include, as a special case, those of two 
rows, one algebraic investigation will suffice to determine the complete systems 
of both classes of functions. 

The functions are classified as (1) symmetric, (2) alternating, according 
as the algebraic sign (1) is not, (2) is, changed when a permutation of 
elements is made. 

21 
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Section (c): Symmetric Functions. 
The theory of symmetric functions of one row has been thoroughly devel- 
oped.* The theory for several rows has been investigated by Junker and 
MacMahon. To some of the articles of the former t+ reference has been made 


in the preparation of the following paragraphs: 
Symmetric functions of the kind under consideration will be of the form 


6 
Az 
the exponents being positive integers or zero. In certain cases (for instance, 
when a=a’, 8=(’, y=y’) the function has only three distinct terms. It will 
3 


then be indicated by the symbol &, or by placing its characteristic term in 
round brackets. Attention is called also to the products 2 A 


which are symmetric functions of one term only. 
We will prove that J can be expressed integrally in terms of three-term 


functions. 
3 
Then J =X po G1) 
= Udo ( (r) —1o) —[40( —10) +10((G) 
= pol (a) (7) — (ar) — (1) 
= (p) (gq) (r)— (ar) — (pa) (1) +2 (par) (pr). 
Therefore 


(A) The complete system will contain no siz-term symmetric functions. 

Since J has as a factor the symmetric function A2”A4”22", where m is the 
smallest of the a’s (similarly for a and 2): 

(B) The complete system will contain no symmetric functions with more 
than two 2’s, two a’s and two x’s in a term. 


Consider 
(Az") +423, 
+ 


*Salmon, “Higher Algebra.” 
} Math. Ann., Vols. XLIII, XLV. 
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where the A’s are expressions in A, a, and x, consistent with the three-term 
form in which used. 
Kliminating the A’s, we obtain 


(Ax") x3 
gn} 

A n—2 n—2 an —2 = 0, 
Us 
(Aa**) 


which, after the removal of certain factors, gives 

(Ax") = (x) — (4%) + (Aa). 
Repeating the process on (Ax"~’), ete., we obtain finally (A2") in terms of 
(Ax), (A), (%), (22%) and x,2,. Since the process applies equally 
well to the A’s and the a’s. 

(C) The complete system will contain no symmetric functions in which 
an element occurs to a higher degree than the second. 

We state for reference the following special case of the above formula: 

(Aa*) = (a) (Aa®) — (a2) (Ax) (1) 

Since by (#) no term is to contain more than two elements of a kind, the 
total degree in x (A or a) must not exceed four. But, if the function be 
(A,via3), of total degree 4 in 2, we can use the important identities 

(2 X_)—(L)X, +a, (1,9, kK=0,1, 2; (2) 
and obtain 

(Agata) = (A) (a)?(Aa®) + (Aat) —2(2) 

—2 (Ax*) —2 (a) (Aa*), 
in which (Az*) and (Az’*) are reducible by (C). 

A function of total degree 3 in @ is of the type LA,zjz,. This necessarily 
contains six terms and is therefore excluded by (A). Hence: 

(D) The complete system will contain no symmetric functions in which 
the total degree in A, a, or x ts greater than 2, except the special functions 
ApAAe, 

For reference, we restate (2) in different form: 

+(x) (aye) (i, j, 1, 2; (3) 

A function can contain x to total degree 2 in two ways: 

(Au?) or (A 


= (A) (2) — (@) (Ax) + (42%). 


But, by (2), 


Hence: 


: 
3 
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(E) As members of the complete system of symmetric functions, the 
forms (Ao%,",)and (Ax) (similarly for the 2’s and a’s) are mutually exclusive. 

We will adopt the form (A)2,22). 

Denoting by s,,, a three-term symmetric function of total degree p in 2, 
g ina, and r in 2; principles (A) to (E), inclusive, leave for individual con- 


sideration 


Soo1 So10 S100 
Soo2 So20 S200 
S03 Sos0 S300 
Sou S101 Sito 
S02 $120 
$201 So10 
S292 S920 
Si 

Sou 
S901 


We need consider only the first column in detail, because the others are 
obtained from it by interchange of letters. 

So = and are obviously irreducible. 

So0g = Soyy= (AX), Soyg= ANA are found to be 
irreducible by a test which will be illustrated by use on $)..= (@,4,%,%). 

This, if reducible, will be a sum of products of irreducible functions, 
each product of degree 022. Assume then 

=k (a) +1(X) + m (442) (LX) +n (ax)” 

+ +r (a) (x) (ax) +8 

Then, by substituting sets of numerical values for the a’s, and x’s we obtain a 
sufficient number of equations, simultaneous in k, /, m, ete., to solve for their 
values. The operation is greatly simplified by a selection of numbers which 
causes several terms of the assumed identity to vanish. 

For instance, substituting 


1,—1,0; 1,1, —2 for a), a, Ge; %,%, 


respectively; (a), (ax), and (a) vanish, and we obtain 


—1=3m, whence m=—1/3. 


/ 
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Similarly, from 
1,—1,0; 1,—1,0; »=1/3, 
1, 0,0; 1,—1,0; p=1/3, ete. 
As a result ; 
(F) = = —1/3 (@) (4 —1/3 (%) (442%) 
—1/3 (422) +1/3 (ax)? 
+1/3 (a)? (a%2) +1/3 (x)? —1/3 (a) (x) (ax), 


the correctness of which has been tested by various numerical substitutions. 

If such substitutions fail to satisfy the expression, or if contradictions 
arise in solving for the coefficients, the assumption of an identity is false and 
the function is irreducible. As an illustration, assume 


=k (x) (ax) +1 (a) +m (a) (x)*. 


From 1,—1,0; 1, 0,0; &=0, 
and from I, 1,~1,0; . 
whence =m(a) (x)’, 


which is obviously untrue, whatever the value of m. 
In this way Son, ANA (Aax) are proved irreducible. 
Similar methods show that 
(G) =1/3 (A) +1/3 (4) (Apr 
—1/3 (a) (Aaa) +2/3 (Aa) (a) 
+1/3 (Ax) (ax) —1/3(A) (a) (a2), 
which stands the test for an identity. 
(H) reduces by substituting a,a, for a), for a, 
a,a, for a, in (G). Similarly, 
(K) reduces by substituting 2,2, for a), ete., in (H). 
Complete System.—We have, therefore, the following complete system of 
symmetric functions: 


Of 2 alone Sio0 Sao9 S300 
Of a alone Soi0 So20 Sogo 
Of alone Soo1 Soo2 Soos 
Of a and x Son Sor So91 
Of and S101 S102 $901 
Of and a Siy0 $400 So10 


Of 2, a and x Hes 
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Furthermore, the foregoing processes, (A) to (K) inclusive, enable us to 
express any given symmetric function in terms of the members of the complete 


system. 
Section (d): Alternating Functions. 


Using the same notation as in Section (c), the most general alternating 
function of three rows is 


This is the same as 


Po 
| pqr | 
P2 


Taking K however in the form és. where 4)=4,%.—4Qo";, et¢., it is easily 
proved that 

(B’) The complete system will contain no alternating functions with 
more than two d’s, two a’s and two x’s in a term. 

(C’) The complete system will contain no alternating functions in which 
an element occurs to a degree higher than the second. 

Functions containing 2, a or x to total degree 4 can be reduced by (2), 
Section (c), to functions of total degree 2 in that quantity. Functions of 
total degree 3 in 4, a or x are not reducible by this means. Hence 

(D’) The complete system will contain no alternating functions in which 
the total degree in A, a or x is greater than 3. 

(E) can be restated: 

(E’) As members of the complete system, SA and SA a (similarly 
for the 4’s and a’s) are mutually exclusive. 

A further important principle is obtained by considering the determinant 
Po 
A 
Po G2 &1/8 
(p) (rv) 1 


This vanishes identically because the last row is the sum of the others. Hence, 


expanding: 
lp qgr|=1/3(p)|q r1]|—1/3(q) |p r1|+1/3(r) |p 


This reduces any alternating function except those in which p, q or r equals 
unity. Therefore: 
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(L) The complete system will contain no alternating functions except 
those whose determinants have a column (or row) of 1’s. 


Such functions, of total degree 3 in a, are of the type 
| wa? va 1| 
where uv and v are products of powers of 4 anda. By (2), Section (c), 
| ua? va 1| = (aa) v 

Only the last function in this expansion contains x to total degree as high 
as 3. Applying (L) to this function, 
=1/3 (ux) |v 1|—1/3(v) | uw 1| 41/3 (a?) v 

Likewise, in this expansion, only |u2 2° 1| is of total degree 3 in 2, 
Applying (2) to this, 


lux v 


Again, applying (L) to |u 
|u | = (u) |— (x) |u 1] + (a*) 1. 
Finally, {1 # «| is unaltered by (2), (3) or (L). 

If u, v, or both equal unity, the process is merely shortened; the conelu- 
sion is the same, namely: 

(D’) The complete system will contain no alternating functions in which 
the total degree in 2, a or x is greater than 2, except possibly |\a? a1} 
and 

Consider the cases where at least two elements occur, each to total 
degree 2. If w and w’ are powers of A, we have the types 


(a) |wax w'ax 1|, (b) w'a 1|, (c) | ware? w’ 1], 
(d) |wa’a w’x (e) |wa® 1. 


By (2), (a) reduces to |wa w’a «| and functions of lower degree. 


- By (2), in terms of the element a, 

(d) reduces to w'axa| “ 

By (3), (e) | wara x | “6 


All of these results can be reduced by (L), except that of (e) when w’=1, 
thus giving |wa’x x1]. But, by (3) in terms of the element a, this reduces 
to |wa ax a| (and functions of lower degree) and (L) reduces this form. 
Hence: 


HE 
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(M) The complete system will contain no alternating functions in which 
more than one element occurs to total degree 2. 


We have remaining, for individual consideration, the types: 


Qoo1 
Aoo2 
Aoos Ao30 Agoo 
Aon A401 A110 
Ayo2 
Ain 


Go, ANA Ay, Can be constructed only in forms which vanish identically. 
Gog has, by (D’), the one type, |” x 1|, which is obviously irreducible. do, can 
appear only as |x a1! and is obviously irreducible. a. appears either as 
or |x ax1|. The only possible assumption is 
|a?a1| or ax1|=k(x)|x a1}. 


If a;=2;, we have 
or |v a? 1|=k(x) |x 1|=0, 


which is untrue. By (2), 
|x ax 


Hence, |2* a 1| can be taken as the irreducible type. ~ 
Interchanging a and x in this form, do.,= | a? 1| is seen to be irreducible. 


Can appear as: 
(a) Aa l| 
(b) |awa 1| = 
(c) jaw a 1| = 
The sum of (a) and (b) is 


(Ar + Ao) — +Ap) ] = (A) (A) J 
3 3 
= (A) Lay (a; (Aya, 


Hence 


the last term of which is reducible by (L). 


| 
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Interchanging 2% and a, 
lax 


Thus, (b) and (c) are expressible in terms of (a) and functions of lower degree. 
Assume (a): 


|x za l|=k(x)|A2 a1) 


Let A;=%;, 4;=2%;, then 
|v 1] 41(x) |x a1) +m(x)\x 1|=0, 
which is untrue. Hence 
|v Aa 1| is air irreducible function. 
(yj. Can appear as 
(a) |2 Aa 1], (b) 11, (c) 1| 


(d) lava (e) ax 1}. 


By (2), (b) reduces to (a) and functions of lower degree. 


By (3), ax | and functions of lower degree. 
By (3), (d) la | 66 66 66 


Hence (a) is the one form requiring further examination. Adding this to (c), 
we obtain finally 

(N) Aa =— al|+(a) ja? 
and the right-hand members are reducible. 


Complete System.—We have, therefore, the following complete system of 
alternating functions: 


Of a alone 1}. 
Of « alone |e? a 1]. 
Of a and x 1|, 1}. 
Of A and a Gyp=|A @ 1], a? 1), 1). 


Of A,aandx Aa1}. 


Furthermore, the foregoing processes enable us to express any given 
alternating function in terms of the members of the complete systems of sym- 


metric and of alternating functions. 
29 
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Section (e): Functions of n Rows of Elements. 


The operations explained in Sections (c) and (d) are not confined to func- 
tions of three rows only. It is easily seen that theorems (A) to (E) inclusive 
and (A’) to (M) inclusive can be re-stated, without material alteration, for a 
function of x rows of three quantities each. 

Consider a symmetric function of four rows, 6, 2, a, x. The complete 
system will contain the irreducible functions of 2, a, x, and similar functions 
of B, a, x, etc. In addition, we must examine 


$4112 Sin, ete., 
Si122 Spy, ete., 


ete., 


S2229 


Sig = reduces by substituting for A; in (G). Similar methods 
apply to S222. Assume 


Sun = (BAax) =k(B) (Aax) +m(A) (Bax)+..... 
Setting 6,=8,=8.=1, and collecting terms, we have 
(Aaxz) =k’ (Aax) +m’ (A) (aw) +n’ (a) (Ax) +p’ (x) (Aa) (2) (a) 


If k’#1, this gives an expansion for (Aax), which is impossible. If k’=1, 
we have 
m’ (A) (ax) (a) (Ax) +p’ (x) (Aa) (A) (a) =9. 
Let Ap>=a=1, A,=a,=—1, 2,=a,=0, so that (A)=(a)=0. Then 
2p'(x)=0, whence p’=0. 

Similarly, m’=n’=q'=0, so the identity is not true for finite coeflicients. 
Therefore: 

Of symmetric functions of finite degree in all four rows, 8, alone is 


irreducible. 


Likewise 
Ayy,= |BAa x 1| is the only irreducible alternating function of finite degree 
in each of four rows. 

Similar statements are readily seen to hold true for 5, 6, ...., » rows. 


q 
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Section (f): Geometric Classification. 
The Three-Point.—The complete system for the three-point consists of 
those forms, deduced in Sections (c) and (d), which do not contain a. The 
subscripts denoting degrees in 2 and z, respectively, we have 


Symmetric Alternating Total 
Cubies Sos Aog 2 
Conics Se Su 3 
Invariants Sig Sen. 4 
Total 9 4) 14 


The Four-Point.—The complete system for the four-point consists of the 
entire list obtained in Sections (c) and (d). Rearranged according to degree 


in x, they are: 


Symmetric Alternating Total 
Cubies Siis Gus 2 
Conies Sooz S402 A102 
Lines Soor Sor S022 S201 $101 Sin Gon 401 Gi don, 11 
Invariants S100 S110 $210 $120 So20 S200 Apso 4120 A210 A110 14 
Soso S300 
Total 19 13 32 


The members of the two systems are the concomitants of the three-point 
and the four-point under linear transformations sending the line at infinity 
into itself, either leaving the two points of the absolute fixed, or interchanging 


them. 
; Section (g): Syzygies. 


It is not our purpose to derive a system of syzygies. However, it appears 
that the following method is useful in doing so. Take the determinant 


(2°) Xs 

(Ax) | 0 

(ax) th wi 


which vanishes identically because the first column is the sum of the others. 
Removing the factor x,x7,7, and expanding: 


(a?) |A a1|—(Ax) a2 al =0. 


| 


172 Rawuins: Complete Systems of Concomitants of the 


Substituting for (a*), applying (L) to and clearing of 
fractions, we obtain, in the abridged notation, 


(28$01—6 S92) ($309 $001 —2 S191) Gor + S001) A101 = 9. 


Section (h): Geometric Interpretation. 

In the following we shall denote V4, by l;, and Va, by b;. Then, it will 
be remembered, / is the length of a side of the reference triangle, and },, 
+b,, +b., are the coordinates of four points having the reference triangle as 
their diagonal triangle. So far, we have considered the a’s, 4’s and l’s merely 
as magnitudes, but, of course, they are also the coordinates of certain points, 
the positions of which it is well to establish. A point h,, h,, h., will be 
denoted by the symbol h. 

It is known that 

1 is the centroid of the triangle, 


l is the incenter, 
a is the symmedian point—the center of perspective of the vertices 
of the triangle with the intersections of tangents to the circumcircle 


at the vertices. 
* 1/1: Rays from a vertex through 4 and 1/4 meet the opposite side in 


points equidistant from its mid-point. 


To locate a: 
Given points b,, +b,, +b,, the lines joining them, two at a time, are on 


the vertices of the triangle—two lines on each vertex—and form a harmonic 
pencil with the two sides of the triangle on the same vertex. ‘Two such lines, 


on 1, 0,0, are 
b,a,—b,x,=0, and 
which, taken together, form a degenerate conic 

bia? — b?a2 = —a,43=0. 
The polar line of this with respect to 1 is 


— ==-0, 


on which lies a. 
From the nature of this construction, the line on 1,0,0 and 1, (the 


median) is the harmonic conjugate of a.,a,—a,%,=0 with respect to the two 
lines of the degenerate conic. 

Henee, given a point b, to construct point a: 

Join b to a vertex of the reference triangle by a line m and take n, the 
fourth harmonic of m with respect to the sides of the triangle on that vertex. 


oa 
iy 
qi 

H 
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Take the fourth harmonic p of the median with respect to m and n. Per- 
forming this construction for each vertex, the three lines p will meet in a. 

22: By the above rule 4° is obtainable from A. 

It is interesting to note that, if b,, =b,, +b, are the coordinates of four 
lines, the line a is on the mid-points of the diagonals of the four-line con- 
figuration. 

za: Taking the polar of the degenerate conic a,vj—a,73=0, with respect 
to 1/2, we have 

A, A,X, =9, 
on which lies Aa. The details of the construction readily follow. 

If we caleulate the polar systems of 22%,%,=0, (the triangle itself) and 
| a? 1| = (%—X) =O (the three medians) with respect to the 
various points defined above, it is seen that they are closely identified with the 
complete system of Section (f). In several cases, the forms of the complete 
system and of the polar system are identical, and, most generally, they are 
members of the same pencil. Hence, the geometrical construction of the 
complete system can be based upon the construction of the polar system. 

The expanded form of |x’ # 1} in the preceding paragraph shows it to be 
the discriminant of Similarly for |2?21| and a1}. 


if 
is 
‘ 
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Systems of Pencils of Lines in Ordinary Space. 


By Avron L. 


In his classic paper entitled “Preliminari di una Teoria delle Varieta 
Luoghi di Spazi,” Segre* laid the foundation of investigations of the pro- 
jective differential properties of geometric configurations in #-dimensions by 
synthetic methods. It is the purpose of this paper to apply some of the results 
of these investigations to the study of families of pencils of lines in ordinary 
space. By means of the Klein coordinates of a line, there is set up a one to 
one correspondence between lines of space and points of a hyperquadrie, Q, in 
five dimensions. To a line on this hyperquadric there corresponds in S; a 
pencil of lines. Thus, to ruled varieties on Q there correspond families of 
pencils in S;. This correspondence is discussed completely in the following 


paper. 
Let (x) =(%, V3, %,, be the Klein coordinates of a line in 


ordinary space, then 5 
(1) 


If at the same time we think of (2) as a point in five dimensions, equation (1) 
represents a hyperquadric, Q, in that space. Thus, to every line in ordinary 
space there corresponds in five dimensions a point on the hyperquadric, Q. 
5 
If two lines intersect, their coordinates satisfy the relation (yz) =Zzy;=0, 
0 


and the coordinates of any line in their pencil are given by (x) =A(y) +(e) 
for some value of A:u. The points of Q which correspond to two intersecting 
lines are therefore conjugate with respect to Q and every point (x)=4(y)+u(<) 
lies on Q, on the line from (y) to (2). 


Part I. 


1. <A ruled surface, R, on Q corresponds in S; to a one-parameter family 
of pencils of lines, R. The centers of these pencils, in general, trace a curve 
C, while their planes, in general, envelop a developable, c. If R is developable, 


* Rendiconti del Circolo Matematico di Palermo, Vol. XXX (1910). 
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C is the edge of regression of c. Points on the edge of regression of R corre- 
spond to the characteristics of c. If R lies in an S, the corresponding R lies 
in a linear complex, and if R lies in an S; R belongs to a linear congruence. 
This congruence will have distinct, coplanar, or coincident directrices accord- 
ing as R lies in an S, which cuts Q in a non-degenerate quadric, a pair of 
planes, or a cone. 

Part IT. 


2, A two-parameter family of lines on Q generates a ruled V; which we 
will call M. To M there corresponds in S; a two-parameter family of pencils 
generating a line complex which we will call an m-complex. Every linear 
complex is an m-complex. In general the centers of the o” pencils trace a 
surface, S, and their planes envelop a non-developable surface, s. S may 
reduce to a curve or even a point, and, in the dual case, s may reduce to a 
developable or even a plane. In general S and s do not coincide. 

3. We can represent M analytically as follows: Let v;=a,;(u, v) and 
i=0,1,....,5 be any two surfaces on Q. That is (aa) = (88) =0 
for all values of uw, v. Furthermore, let us assume that if A and B are two 
corresponding points of « and #, that is two points obtained by giving u and v 
the same values in « and 8, then the line from A to B lies entirely on Q. The 
necessary and sufficient condition for this is 

(a8) =0 for all values of u and v. (2) 

Then lines joining corresponding points of « and @ generate a ruled V; of 
Q, M. Hence M is given by 

L;=a;(u, v) +t8;(u, v) (3) 

If we fix w and v in (3) but cause ¢ to vary (x) traces a line generator of M. 

In 8; the a and 8 surfaces represent line congruences of such a nature 
that corresponding lines of each intersect. If we fix u and v in (3), but cause 
t to vary, (x) traces a pencil of lines, one of the generating pencils of the 
m-complex represented by (3). 

The tangent S, to M at (a), i. €., V=Uy, t=ty, is determined by 
(a), (%,), (#,), (x,), that is by the four points 

(a), (8), (4) 


Let G represent the generator from a to 8. If we allow ¢ to vary in (4), but 
hold wu and wv fast, (4) determines the various tangent S,’s to M at points of G. 

We will call the linear congruence corresponding to the tangent S; to M, 
tungent to the m-complex at the line corresponding to the point of contact of 


j 

‘ 
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the S;. Such a tangent linear congruence will always be degenerate in that its 
directrices will be coincident. It will be determined by a line of m and three 
lines of m infinitely near the first, but not lying in the same regulus with the 
first. For example by (2), (~)+(a#,)Au, (7) +(ax,) Av, (%) + (x,) At, where 
Au, Av, At are all infinitesimal. Evidently the S; in S; determined by these 
four points is precisely the same as the S; determined by the points of (4): 
although those points do not lie on Q and therefore do not correspond to lines 
in ordinary space. All of the linear congruences tangent to m at lines of the 
pencil g have g in common, but in general, nothing else. 


4. <A line of M infinitely near G will join a point of the «-surface infinitely 
near (a) toa point of the @-surface infinitely near (8). That is a line of M 
infinitely near G will be determined by (a+a,Au+4,Av), (8+@,Au+6,Av), 
where Au and Av are infinitesimal. As we vary the ratio of Au: Av we get 
o' lines of M infinitely near G. G and a line of M infinitely near G determine 
the S; of the points 


(a), (8), (a,Au+a,Av), (8,Au+8,Av). (5) 


Segre * has shown that the locus of the «' S,;’s obtained by varying the 
ratio Au: Av in (5) is a quadratic cone in S;. This quadratic cone has G for 
a line of double points, and one other double point in each plane of Q that 
contains G exists for the quartic of intersection of Q with this cone. Hence 
the intersection of Q with the locus of all S;’s determined by G and the lines 
of M infinitely near G, is a quartic with double points along G and one in each 
of the planes of Q that contain G. 

The above theorem stated in terms of line geometry becomes: 

_ The locus of the «' linear congruences determined by a pencil g of an 
m-complex, and the pencils of the m-complex infinitely near g is a quadratic 
complex with double lines, the lines of g and one other in the plane that con- 
tains g and one other through the center of g. This is a tetrahedral complex 
of the type [ (22) (11) ].t 

5. If two of the tangent S,’s at points of a generator G have a plane in 
common, all the S,’s tangent to M at points of G lie in an S,. For the S;, 
tangent to M at P, of G is the S; of (a), (8), (a,+4,8,), (a,+4,8,), and that 
at P, of (a), (@), (a,+1,8,), (a4, +4,8,). Since these two have a plane in 
common, by Grassman’s theorem, they lie in an S,, and any linear combina- 


* Segre, loc. cit., No. 12. 
7A. Weiler, Math. Annalen, Vol. VII (1874). Sturm, “ Liniengeometrie.” III. p. 436. 
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tion of the above eight points lies in the same S,. In particular the following 
points lie in an S,: 


(a), (8), (8,), (a,), (8,). (6) 


Hence every tangent S, to M at a point of G lies in this S,._ Note that it does 
not follow that all tangent S,’s to M at points of G have a plane in common. 
This is not in general true. 

In line space the above theorem states: If two of the tangent linear con- 
gruences to m at lines of a pencil g have in common besides g a second pencil 
h having a line in common with g, all the tangent linear congruences to m at 
lines of g lie in a linear complex. 

The S,’s tangent to M along a generator G all have a plane in common if, 
and only if, the S,’s determined by G and the lines of M infinitely near G have 
a plane incommon. In fact the tangent S,’s of (4) are S;’s determined by G 
and lines of the regulus obtained when we vary ¢ in the line from (a,+¢#@,) to 
(a,+¢8,). Ifa plane is to be common to all these S;’s it must cut every line 
of this regulus. Hence the regulus cuts that plane either in a conic, which is 
impossible, for then G would cut the regulus twice, and al] the tangents S,’s 
would coincide, or else in a line. Then G cuts the regulus in one point. Hence 
a necessary and sufficient condition that all the tangent S;’s to M along G have 
a plane in common is that G cut the regulus mentioned above. 

But the S,’s determined by G and the lines infinitely near G are the same 
S,’s as those determined by G, and the lines of the regulus obtained by varying 
the ratio Au: Av in the line from (a,Au+a;Av) to (8,Au+6,Av). And a 
necessary and sufficient condition that all these S;’s have a plane in common is 
that G cut this regulus. But the two reguli that determine the tangent S,’s 
with G and the S,’s of G and the near by lines, are conjugate reguli of the same 
quadric. Thus, if G cuts one regulus it cuts the other also. Hence the 
theorem. 


In line space this theorem becomes: The tangent linear congruences to m 
at lines of a pencil g have in common a second pencil h having a line in com- 
mon with g if, and only if, the linear congruences determined by g and the pen- 
cils of m infinitely near g have in common a second pencil h’ having a line in 
common with g. 

If all the S,’s determined by G, and the lines of M infinitely near G have 
in common a plane of Q, they all coincide. Thus, if all the linear congruences 
determined by g and the pencils of m infinitely near g have in common anything 
besides a second pencil having a line in common with g, they coincide. 

23 
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If all the tangent S,’s to M along the generators of M have a plane in 
common, M is said to be developable of the first kind. We will also call devel- 
opable of the first kind the corresponding m-complexes, viz., those whose tan- 
gent linear congruences along the pencils of m have in common besides g, a 
second pencil having a line in common with g. 

6. The linear congruence determined by two pencils is that congruence 
which contains the two pencils, and therefore the congruence which has for 
directrices the line joining the centers of the two pencils and the line of inter- 
section of the planes of the two pencils. Hence the directrices of a linear 
congruence determined by a pencil g and a second pencil of m infinitely near g 
are a tangent line to S at the center of g, and a tangent line to s at the point 
of contact of g. 

Let us consider the nature of these surfaces S and s when m is developable 
of the first kind. That is all the linear congruences whose directrices are 
corresponding tangent lines to S and s have in common g and a second pencil 
h which has a line y in common with g. Let P be the center and a the plane 
of g. P lies on S and a is tangent tos at P’. The tangent plane to S at P is 7’. 
Then the directrices of the linear congruences referred to above will be corre- 
sponding lines of the pencils Px’ and xP’. If all of these congruences are to 
contain h, every line of h must cut every line of the pencils Px’ and aP’. 
Since h is different from g it must then be the pencil P’m’; and y, the line join- 
ing corresponding points of S and s, is tangent to both these surfaces. Hence 
the lines y form a congruence whose focal surfaces are S and s. 

Conversely, the two-parameter family of pencils having as centers one set 
of focal points of a line congruence and planes, the corresponding focal planes 
of the congruence is an m-complex of the first developable kind. Thus every 
line congruence generates two m-complexes of this kind. 

7. Segre* has shown that if M is a V; in S; of the first developable kind 
the lines of M are all tangent to a surface or else all cut a curve. Let us con- 
sider first the case in which all the lines of M are tangent to a surface. ‘This 
surface lies on YQ and may be taken as the a-surface. At every point of « 
there are two lines tangent to a and lying on Q. § may be chosen as any 
surface cutting one set of these lines, for example, 


B=a,+pa,. (7) 
But 8 must be a point on Q, hence 
+ 29 (a4,%,,) =0. (8) 


* Segre, loc. cit., No. 29. 
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The two values of p obtained by solving (8) are the two directions of lines 
tangent to a and lying on Q. Call them p, andp,. Let G, and G, be the two 
corresponding lines tangent to a. The locus of lines G, will be M, and the 
locus of G, will be M,. The points of (4) determining the tangent S; become 


(2), (Gy pay), +P + (Put PPy) Mutt (Gun (9) 
and the points of (5) determining the S; of G and a line of M infinitely near 
G become 
(a), (Gu), (ay), [ P (Gyr PA») Av]. (10) 

Thus, when / is a developable of the first sort the tangent S,’s to M along 
G, and the 9,’s of G and the lines of M infinitely near G form two pencils of 
S,’s which lie in the same S, of (6). The plane axis of pencil (9) (as we 
vary t) depends on p, but that of (10) does not. Thus (9) furnishes two dis- 
tinct pencils (9,) and (9,), while (10) furnishes two pencils (10,) and (10,) 
with the same central plane. © 

G, lies in two planes on Q, 7, and 7; and, similarly, G, in m, and m,. Since 
7m, and 7, are in different systems of planes of Q they intersect in a line L, and 
am, and 7; intersect in Z’. The four pencils of (9) and (10) cut on Z and L’ 
projective ranges. Projective ranges are also set up on G, and G, by means 
of (9,) and (9,), respectively. 

In §; the congruence which corresponds to the tangent a-surface of S; is 
the y-congruence. To M, and M, there correspond the two m-complexes m, 
and m, mentioned in No. 6 as generated by the y-congruence. Thus, if the 
m-complex is developable of the first sort and the y-congruence is not degen- 
erate (i. e., a ruled surface) the tangent linear congruences to m along g form 
a pencil of congruences, and the linear congruences whose directrices are the 
corresponding tangent lines to the focal surfaces of the y-congruence also form 
a pencil of congruences. The centers (two pencils with a common line) of the 
last-named pencils of congruences for m, and m, coincide, while those of the 
first named do not. 

The lines Z and L’ correspond in S; to the pencils of tangent lines at 
corresponding points of S and s. Hence the above pencils of congruences cut 
off projective pencils of lines on these pencils.* 

The necessary and sufficient condition that g and h coincide, 7%. e., that S 
and s coincide is that the roots of (8) be equal. Hence 


( )?>— (G,%,) =0 t (11) 


* These are the projectivities of Waelsch, see “ Zur Infinitesimalgeometrie der Strahlencongruenzen 
und Flichen,” Sitzungsbericht Akad. Wien Mathem. Classe, i. 100 Abth. IIa (1891). 
7 Waelsch, loc. cit., obtains the same result in a different way. 
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is a necessary and sufficient condition that S and s coincide. It will appear 
later that this is a necessary and sufficient condition that M have a fixed tan- 
gent S; along every generator. 

Since pencils (10,) and (10,) have the same center, a necessary and 
sufficient condition that they cut off the same projectivities on Z and L’ is that 
they lie in the same S,. A necessary and sufficient condition for this is 


|a, hu» Ay, Quy | 0, (12) 


that is, the a-surface is a $-surface of Segre. * 

In line space this reads: A necessary and sufficient condition that the two 
pencils of linear congruences whose directrices are corresponding tangent 
lines of S and s should cut off the same projectivities on the pencils of lines 
tangent to S and s at corresponding points is that the y-congruence satisfy 
(12). But this says that the y-congruence is a W-congruence. t 

A necessary and sufficient condition that the plane common to all the tan- 
gent S,’s to M along G should lie on Q, that is a necessary and sufficient con- 
dition that the tangent linear congruences to m at lines of a pencil g have in 
common a plane of lines or a bundle of lines, is that the plane of the first three 
points of (9) lie on Q. But this plane is the osculating plane to the curve of 
a, along which the lines of M are tangent. Hence the above condition becomes 
that the curves on a, along which the lines of M are tangent, should have their 
osculating planes lying on Q. 

If a is a ruled surface the two M’s defined are first, M, consists of the 
tangent lines to « along the rulings. Then M, is a two-dimensional variety, a, 
and not a three as we have considered. Second, M, consists of the other set 
of lines tangent to « and lying on Q. The corresponding y-congruence in S, is 
made up of o' pencils of lines, and the surfaces S and s are a curve and a 
developable, respectively. mm, is a family of the sort described in Part I. Ifa 
is a developable it is a plane. 

If a is cut by o' planes of Q in curves, M, will consist of the lines tangent 
to these plane curves. Conversely, if the lines of M can be grouped into the 
tangents to o' plane curves, these planes lie on Q. In the corresponding case 
in S, the y-congruence is made up of the lines of «' cones or the tangent lines 
to o' plane curves. Then either S will be a curve and s a non-specialized 


* Segre, “Su una classe di superficie degli iperspazi legata colle equazione lineare alle derivate 
parziali di 2 ordine,” Atti della R. Accad. delle Scienze di Torino, Vol. XLIX (1913-14), p. 215. 
+ Darboux, “ Lecons sur la théorie générale des surfaces et les applications géométriques du calcul 


infinitésimal,” Edition II (1889), p. 345. 
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surface, or s will be a developable and S a non-specialized surface. Con- 
versely, if one of the surfaces is a curve or a developable, the surface a can be 
eut by ' planes of Q in curves. If both S and s are curves, or both are 
developables, the two sets of lines tangent to a and lying on Q will be tangent 
to « along plane curves. 

If the lines of M, instead of being tangent to a surface, all cut a curve on 


Q, «' of them pass through each point of this curve. Then all the pencils of 


m have a line in common witha ruled surface. Hence, S and s are this surface, 
but S and s do not coincide in the sense that the center of the pencil of m on S 
is the point of contact of the pencil with s. The y-congruence also reduces to 
this surface. 

8. It may happen in S;, that the tangent S,’s to M along G coincide, that 
is, there is a fixed tangent S; to M along every generator. Then M is said to 
be developable of the second kind. If M is a developable of the second kind, 
the « and 8 surfaces of (3) satisfy two linear homogeneous partial differential 
equations as follows: 

A,a;+ 

A,a;+B,B;+ Cia; + 
where 4,, B;,....,F;, 7=1, 2 are functions of u and v, and not all identically 
zero. Conversely, if a and 8 satisfy (13), M is a developable of the second 
sort. For under these circumstances the eight points of (6) all lie in an S;, 
the tangent S; to M along G. Accordingly, if M is developable of the second 
kind, all the S,’s determined by G and the lines of M infinitely near G coincide. 
In fact, all the lines of M infinitely near G under these hypotheses, lie in the 
two planes of Q that contain G. For they all lie in the tangent S, to M along 
G which cuts Q in the two planes containing G. 

On the other hand, if all the lines of M infinitely near G intersect G, M is 
a developable of the second kind. Thus, in S, if m is developable of the second 
kind, all the lines of pencils of m infinitely near g, lie in a special linear con- 
gruence with intersecting but distinct directrices which belong to the pencil g. 
Every pencil of m infinitely near g has a line in common with g and, conversely, 
if every pencil of m infinitely near g has a line in common with g the m-com- 
plex is developable of the second kind. 

9. Segre has shown* that if M is developable of the second kind, all the 
lines of M are tangent to two surfaces of Q, or cut a curve of Q and are tan- 
gent to a surface, or cut two curves of Q. Since we know from No. 8 that if 


i=0,1,....,5, (18) 


* Segre, “Preliminari ....,” No. 29. 
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m is developable of the second sort all the pencils of m infinitely near g have 
a line in common with g, we see that either they have their centers in the plane 
of g or their planes pass through the center of g. In either case S and s 
coincide. Hence, if m is developable of the second kind, S and s coincide. 
See (11). Conversely, if S and s coincide, m is developable of the second kind. 
By the theorem of Segre every pencil of m is tangent to two congruences (or 
tangent to a congruence, and has a line in common with a ruled surface, or has 
a line in common with two ruled surfaces). That is there exist two congru- 
ences, excluding for the moment the other two cases, such that every pencil of 
m has two infinitely near lines in common with each. Thus S must be the 
focal surfaces (coincident) for both of them, and they consist of the tangent 
lines to S along the two sets of asymptotic lines. 

If the lines of M all cut a curve and are tangent to a surface of Q, the 
tangents to one set of asymptotics of S involve only o! lines and therefore S 
is a ruled surface. Similarly, if the lines of M all cut two curves, S has two 
sets of rulings and is therefore a quadric. 


Part III. 


10. A three-parameter family of lines on Q in S; may generate either a 
V,oraV,. If they generate a V;, that V; is either the intersection of Q with 
an S,, or consists of «' planes imbedded on Q. We will demonstrate this in 
two parts. First let us assume that the V; is developable of the second kind. 
That is the tangent S; to V, along G is fixed. Through every point of V, there 
are oo lines of V;, which lie in the tangent S, to V; at that point. But this 8; 
is tangent to Q along G, and therefore cuts Q in the two planes that contain G, 
Hence the lines of V; in that S, lie in one or two planes of Q, and V; consists 
of «' planes of Q. 

If V; is not developable of the second kind the tangent S,’s along G cut it 
in o! cones of lines which are distinct and V; is the locus of these cones. 
Through every point of V, there are ' lines and every line cuts o” others, 
Hence some line besides G in one of these cones cuts some other cone, and the 
two S,’s of these cones have in common besides G another point and therefore 
a plane. Hence all the tangent S,’s to V; along G lie in an S, according to 
No. 5. Hence JV, is the intersection of Q with this S,. Hence, in line space a 
three-parameter family of pencils of lines either involves all the lines of space 
or else 0° of them. [If they all lie in a complex, that complex is either a linear 
complex or else is made up of the lines in o' planes or through w' points. 
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11. In what follows let M, represent the locus of «* lines of Q which do 
not lieona V;. Then M, coincides with Q. Hence all the tangent S,’s to M, 
along a generator G have an S;in common. Therefore, according to Segre,” 
all the lines of 1, are tangent to two V;’s, or either V; may be replaced by a 
director variety of less dimension. 

The S,’s of G and the lines of M, infinitely near G are w’ in number and 
may be grouped into o’ pencils of S;’s whose axial planes themselves form a 
pencil of planes about G. A proof of this theorem follows. M, can be repre- 
sented analytically by means of 

v, Ww) +tB;(u, v, w) (14) 


where a and £ are the two tangent or director varieties mentioned in the 
theorem of Segre. Therefore 


ca +uB, +78, (15) 
=N at +1’ a, +P dy» 
The lines of M, infinitely near G are the lines from 
(ata,Au+a,Av+a,Qaw) to 


where Au, Av, and Aw are infinitesimal. Hence the S,’s of G and the lines of 
M, infinitely near G are the S,’s of 


(a), (8), (8,Au+8,Av+8,4w). (16) 


As we vary the ratios Au: Av: Aw in (16) we get the wo” S,’s determined by G 
and the lines of M, infinitely near G. Call the plane of (a,), (a,), and (a,,) 
the plane 2, and similarly the plane zz, is the plane of (8,), (8,), and (@,). 
According to (15) G cuts , in P, and cuts a, in Pz. Points represented by 
the same ratios of Au, Av, and Aw are corresponding points in the planes 
nm, and m,. A line in #, corresponds to a line in a,. Let H be a line in a, 
through P,, and H’ the corresponding line in a,. Let K be a line joining 
corresponding points of H and H’. Then the S; of G and K is one of the S,’s 
of (16), and it contains the plane of G and H. As K moves along H these 
3,’ form a pencil of S;’s about the plane GH. But H was any line of 7, 
through P,. Hence these planes themselves form a pencil about the line G. 
Hence the theorem. Similarly the S;’s of G and the lines of M, infinitely near 
G can be grouped into «' pencils of S,’s whose axial planes are determined by 
G and lines in a, through P,, that is, the axial planes form a pencil of planes 
about G in the tangent S;’s to a, and 7. 


* Segre, “ Preliminari ....,” No. 29. 
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In line space the preceding facts give us that: All the tangent linear com- 
plexes to m, at lines of a pencil g are special, with the lines of contact of the 
pencil g as axes, and have in common a linear congruence whose directrices 
belong to the pencil g. The linear congruences determined by g and the pen- 
cils of m, infinitely near g can be grouped into o' pencils of congruences having 
in common besides g a second pencil h which has a line in common with g. The 
locus of these pairs of pencils is a special linear congruence whose directrices 
are coincident. This last congruence is tangent to a or @ at the line which g 
has in common with « or 8, where « and @ are line complexes to which all the 
pencils of m, are tangent (or congruences or ruled surfaces with which every 
pencil of m, has a line in common). The m, may be considered as the locus 
of «' m’s of the first developable kind as in Part II: 

The ordering of M, into o' m’s of the first developable kind can be 
accomplished in only two ways corresponding to the two ways of ordering the 
S,’s of G, and the lines of M, infinitely near G into o' pencils of 8,’s._ For let 
f(u, v, w) =0 be any relation on the parameters u, v, w which yields a devel- 
opable V; of the first kind on M,. Then 


(17) 


and (17) represents a line H in 2,, and a corresponding line H’ in a,. Lines 
joining corresponding points of H and H’ form a regulus, and the S8,’s of G 
and the lines of this regulus are the S,’s of G and the lines of M, infinitely 
near G, and lying on the V;, determined by f=0. If this V; is to be developable 
of the first kind all these S,’s must have a plane in common and G must cut 
this regulus. Let us assume that this intersection takes place outside of 7, 
and 2,. Then the line of the regulus which cuts G cuts 1, in Q, and a, in Q,. 
Hence P,, Pz, Q,, and Q, are coplanar, and 1,, mg, and G all lie in the same S,. 
Hence the points (a), (8), (a,), (aw), all lie in an 
and the tangent S, to M,, and therefore to Q along G is fixed, which is im- 
possible. Hence the assumption that G cuts the above regulus in a point 
outside of 2, and 7, is false. Hence H passes through P, or H’ passes through 
P, and the two cases of the preceding paragraph are unique. 

Hence the only f’s which give developable V,’s of the first kind are those 
for which the line (17) passes through P, or P,. The coordinates of these 
points may be obtained from (15), the point (ca—A,) is the point of G in a,, 
and therefore has for coordinates u:v:p which is the point P,, similarly P, is 
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u’:v’:p’. Hence the developables of the first kind on M, and on m, are given 
by one of the following equations: 


uf. =0, 


If a or B or both are surfaces instead of V,’s, there will exist a relation on the 
three parameters of that variety and one of them can be eliminated. Hence 
either uw, v or p is zero, or one of w’, »’, p’ is zero, or both. This will not affect 
the above reasoning. If either a or @ is a curve, the pencils of S,’s determined 
by G and the lines of the regulus from H to H’ collapse into single S,’s, for 
then either H or H’ isa point. That is, the M, can be grouped into o! M’s of 
the second developable kind. 

Thus M,’s may be classified according to the type of differential equations 
(15) that they satisfy. If all the coefficients u, v, p and w’, 2’, p’ are different 
from zero, M, is made up of lines tangent to two V,’s. If one of these 
coefficients is zero, the lines of M, are tangent to a V; and cut a surface. If 
one of the primed and one of the unprimed coefficients are zero, the lines of 
M, cut two surfaces. If two of the primed or two of the unprimed coefficients 
are zero, the lines of M, are tangent to a V; and cut a curve. Other cases can 
not occur. 

Similarly m,’s may be grouped according to the type of differential equa- 
tions (15) the a and 8 complexes satisfy. If none of these coefficients is zero, 
the pencils of m, are tangent to two complexes. If one is zero they are tan- 
gent to a complex and have a line in common with a congruence. If two are 
zero in different equations they have a line in common with two congruences. 
If two are zero in the same equation they are tangent to a complex and havea 
line in common with a ruled surface. In the last case the pencils can be 
grouped into ' m’s of the second developable type. . 

12. If the lines of M, can be grouped into o' M’s of the second develop- 
able type, there must exist an f(u, v, w) =0 for which the tangent S; along G 
is fixed, and therefore, lies in both the tangent S, at a, viz., (av) =0, and the 
tangent S, at 8, viz., (@z)=0. Hence the last two points of (16) must lie in 
the S, of intersection of (ax) =0 with (6x) =0 for all values of Au: Av: Aw 
which satisfy (17). These four conditions reduce to 


(a3,) Au+ (a8,) Av+ Aw=0 by virtue of (17). 
Hence 
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And (19) is a necessary and sufficient condition that the lines of M, be 
susceptible to an arrangement into «! M’s of the second aisha ate kind. 
Furthermore (19) gives us the /’s that are developable. 

Hence (19) is a necessary and sufficient condition that the pencils of m, 
be capable of grouping into o' m’s of the second developable type, that is 
whose focal surfaces, S and s, coincide, or such that the locus of the centers 
of the pencils and the envelope of their planes coincide. 

The Pfaffian differential equation 


X(a, y, 2)de+Y¥ (a, y, 2)dy+Z (a, y, 2)de=0 (20) 


defines precisely a three-parameter family of pencils of lines in ordinary space. 
(19) is the condition of integrability. The preceding work shows how to pick 
out in Klein coordinates the two-parameter families of pencils of lines for 
which the centers of the pencils lie on a surface S, and their planes are tangent 
to a surface s, where S and s are of such a nature that lines joining corre- 
sponding points of each are tangent to both in the non-integrable case. Voss * 
has discussed three-parameter families of pencils from this point of view. 


UNIVERSITY OF MicHIGAN, Ann Arbor, Mich., March 17, 1917. 


* Voss, “ Zur Theorie den allgemeinen Punktebenesysteme,” IMfath. Annalen, Vol. XXIII, p. 45. 
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Some Contributions to- the Geometry of Plane 
Transformations. 


By Tosras Dantzia. 


§1. The Indicatria of a Transformation. 


Let 7 be a continuous plane point-to-point transformation sending a plane 
II into itself. To fix the idea I shall further assume that 7 transforms every 
point P in the plane II into a unique point P. The latter I shall call the 
image of P by 7. In the concluding pages of this paper is to be found an 
extension of most of the considerations here developed to the case of a p: q 
transformation. 

Let P be a point of the plane II and let P be its image by JZ. Consider 
an arbitrary curve C passing through P and let ¢ be its tangent at the point P. 
The curve C is transformed by 7 into a curve C which will pass through P 
and have there a unique tangent ¢, providing the point P is a simple point of 
the curve C. Let the two lines ¢ and ¢ meet in a point t. Then it is easy to 
see that, 

The position of the point t is independent of the curve C and is perfectly 
determined once the points P and P and the line t are given. 

Indeed let C’ be any other curve passing through P and having there ¢ 
for tangent. The image C’ will pass through P and, since T conserves contact, 
will touch at P the line ¢. The point t I shall call the tactal of the line ¢ at 
the point P. 

Assuming now the points P and P fixed, to each line ¢ through P will 
correspond a unique line ¢ through P. When the line ¢ turns about P a one- 
to-one correspondence is established between the two pencils having their 
vertices in P and P, respectively, and the point is the product of two corre- 
sponding rays. It follows at once, therefore, that 


The locus of the tactal t for one and the same point P, is a conic K pass- 
ing through P and P. 
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The conic K is uniquely determined for every point P of the plane IJ. I 
shall call it the indicatrix of the transformation T for the point P. The 
totality of all the indicatrices of the plane form a system of conics depending 
on two parameters. 

When the points P and P are known, the determination of K requires the 
knowledge of three tactals. These can be obtained by tracing through P three 
arbitrary curves having different tangents at P. The proper selection of 
these curves will facilitate the construction of K. The following obvious 
remarks may help to guide in this selection. 

The line PP I shall call the bridge of the transformation at P. It follows 
at once that 

If a curve C touches the bridge PP at P, its image C will touch at P the 
indicatria K, and, conversely, if C touches K at P, C will touch PP at P. 

If C and C have parallel tangents at corresponding points P and P, the 
direction of these tangents is an asymptotic direction of the indicatria K for P. 


The importance of the introduction of the indicatrix can be best illus- 
trated by the following problem: 


Determine a geometrical construction of the tangent t at a point P of a 
plane curve C, knowing that C is the image of a curve C by a transformation T. 


Assume that the geometrical construction of the tangent t of the curve C 
is known, and let K be the indicatrix of 7’ for the corresponding point P. If t 
meets K in a second point t,t is evidently the tactal of ¢ at P, and conse- 
quently tP is the tangent sought. It is interesting to remark that if K is 
determined by five points (P, P and three tactals t,, 7,, t;) and ¢ is known, 
the construction can be completed by projective means only (Pascal’s theorem). 

These considerations bring out the following property: The indicatrix of 
a transformation 7 for a point P can serve as a first asymptotic element of T 
at P, characterizing the behavior of T in the vicinity of the point P, to the 
same degree as the tangent at a point of a plane curve characterizes the 
behavior of the curve at the point. 


§2. Equation of Indicatriz. 
To obtain the genera] equation of the indicatrix assume that the equations 
of the transformations 7 are given in the explicit form 
Z=9(2,y), Y=V(x, y), (1) 
where ¢ and 7 are single-valued continuous functions of x and y, admitting 
first derivatives which are also single valued and continuous; and where @, y; 
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Z, ¥ are the coordinates of P and P, respectively, in a system of cartesian 
coordinates. We shall set 
The equations of the corresponding tangents ¢ and ¢ at P and P being 
evidently 


X—a Y-y X—Z Y-y (2) 
dx dy dj dy 


we are to eliminate the differentials from these equations with the aid of the 


identical relations 
dz=pdx+qdy, dy=p'dx+q'dy. (3) 


We have, by setting the common ratios in (2) equal to 1/p and 1/9, 
respectively, the two equations 
o(X—Z) =[p(X—x)+q(Y¥—y) lp, =[p'(X—2) +a(Y—y) lp, 
and eliminating p and 9 we obtain the equation of the indicatrix in the form 


p(X—a)+q(¥—y) _ p'(X—x)+q'(Y—y) 
7 (4) 
y 


In this form it is apparent that the indicatrix is circumscribed to the 
quadrilateral whose four sides are X=%, Y=¥Y, p(X—xz)+q(Y—y) =), 
p'(X—2)+q'(Y—y)=0. Collecting the terms we have 


p’ (X—x) (X—2Z) —p(X—2) (Y—y) (X—Z) (¥—y) 
—q(¥—y)(¥—y)=0. (5) 
The character of the conic K is determined by the discriminant of the 

quadratic part of equation (5) 

A(x, y) =(p—q')*+4p'¢. (6) 
Assuming now that the transformation 7 is real, the curve A(a, y) =0 
divides the plane II into two regions: E and H. In the region E, A<0O and 
the indicatrix K is an ellipse, in the region H, A>0 and the conic K is a 
hyperbola, on the discriminant curve itself the conic is a parabola. I shall 
call these regions the elliptic and hyperbolic regions respectively. If the 
transformation admits the whole plane for an elliptic region I shall call it an 
elliptic transformation, and the terms hyperbolic and parabolic transforma- 


tions should be taken in the same sense. 
From the consideration of the preceding section it follows at once that 
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At any point P in the region H there exist two rays a and B, such that, if 
a curve C passing through P admits one of the rays for tangent, its image C 
will have a parallel tangent at P. These rays a and B are the asymptotic 
directions of the indicatrix K. They are coincident at every point of the dis- 
criminant curve & and become imaginary in the region E. 

Of course, the locus A=0 is not necessarily singly connected. Consider 
for instance the transcendental transformation 


Z=cosy, Y=sin 
We have here 
A=—4 cos siny, 
and the discriminant locus consists of the lines 
e=n/2+kn and y=!ln. 


The locus divides the plane into an infinite number of squares whose sides 
are parallel to the coordinate axes and which alternately constitute the elliptic 
and hyperbolic regions. 

§3. The Invariant Points. 

The invariant points of a transformation 7 given by equations (1) are 
obtained by setting 
j—y=n=0. (7) 

If equations (7) admit but a discrete number of simultaneous solutions, 
the in¥ariant points are isolated. It may happen, however, that the equations 
&=0, y=0 have a factor f(z, y) in common. The curve f=0 is then a curve 
of fixed points. 

I shall prove now that: 

If Sis an wmvariant point the wndicatrix K for S degenerates into two 
straight lines passing through S. 

Indeed, the image C of an arbitrary curve C, passing through S must also 
go through 8. If then the tangents ¢ and ¢ are distinct, the tactal of ¢ is in 9, 
if they coincide, the tactal is indetermined on ¢. The coincidence of ¢ and ¢ 
will occur only when the tangent is an asymptotic direction of K. Conse- 
quently the conic K will degenerate at an invariant point into its asymptotes. 

According as the invariant point is situated in the elliptic or hyperbolic 
regions, or on the discriminant curve, we shall call the invariant points elliptic, 


hyperbolic, or parabolic. 
An elliptic invariant point is necessarily isolated, if real. 
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Indeed the indicatrix degenerates into two imaginary lines at such a point. 
If there were another real invariant point S’, in the vicinity of S, and at an 
infinitesimal distance from it, SS’ would necessarily be an asymptotic direc- 
tion and the latter would be real, contrary to the hypothesis. 

As a corollary we see at once that in the region E no real curve can touch 
its image at an invariant point. 

If then T admits of a curve of fixed points the latter must be entirely in 
the region H or make part of the discriminant curve A=0. In either case the 
curve of fixed points is the envelope of one of the branches of the indicatria K. 

Conversely, if the indicatrix of a point P degenerates into two lines pass- 
ing through P, the point P is necessarily an invariant point. 

EixaMPLE: Consider the transformation defined by the equations 


B= y’+2ax—a’)/2a, Y= /2a. 


We have in this case 
A=[(a+y)/a}’. 


The discriminant curve is the line «+y=0 counted double. The trans- 
formation is hyperbolic throughout the plane, except on A, where the indi- 
catrix is a parabola. We have here 


E=n= /2a, 
and the transformation admits of a fixed circle 
v+y=a’. 
At any point of this circle the indicatrix degenerates into the tangent to 
the circle and the line parallel to z=y. 


§4. The Jacobian. 


The degeneracy of the indicatrix at an invariant point leads us to examine 
the general case of degeneracy of the conic K. For this purpose make in (5) 


the substitution 
n=Y—y. 


The equation of K then becomes 


(X—2%)*— (p—q’) (Y—y)—q(¥—y)’ 
— (p’——pn) (X—a) —(q’&—qn) (Y—y)=0. (8) 


The condition that the conic degenerates is 


(pq'—aqp’) (p—q’) En—qn’] =0. (9) 
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The degeneracy locus therefore consists of the two curves 
J (x,y) =pq'—qp’=0, (10) 
and D(a, y) (11) 
The first is the Jacobian of the transformation, the second I shall call the 
degeneracy locus proper. We see that the invariant points make part of the 


locus D=0. 
Geometrically the two cases can be characterized in the following manner. 


If P is not an invariant point it may happen that the degenerate conic has one 
branch « passing through P, the other 8 passing through P. The tactal of 
any line ¢ is evidently on 8; @ is therefore the line corresponding to any 
direction ¢ through P. The transformation therefore establishes a pseudo- 
correspondence between the two pencils. Such points are characterized by 
the fact that the image of an arbitrary curve passing through them has a fixed 
tangent @, independent of the direction of the tangent ¢. If m and ™ are the 
slopes of two curves C and C at corresponding points we have in general 
—_ dy p’+q'm 

"= de p+am ’ 
and the condition that this homographic correspondence degenerates into a 
pseudo-correspondence is 

At any point of the Jacobian of the transformation T the indicatriaz 
degenerates into two lines of which but one a passes through P, the other B 
containing the point P. Conversely, if the degeneracy is of this type, the 
point P is on the Jacobian. 

It follows from these considerations that if a curve C has in a point P 
belonging to the Jacobian of T a double point, its image C will have in P a 
cusp, and the cuspidal tangent is the branch B of the indicairia. 


$5. The Degeneracy Locus Proper. 
We shall now interpret the equation (11) 
D=p'’— 
The equation of the indicatrix in this case is 
p’ (X—2x)’—(y—q') (X—x) (Y—y) —a(Y¥—y)*=0, (13) 
and the condition D=0 expresses that one branch of the degenerate conic 
coincides with the bridge 


(14) 
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At every point of the locus D=0 the indicatrix degenerates into two lines 
of which one « coincides with the bridge at P. If the bridge is a tangent to 
any curve C passing through P, it is also tangent to the transformed curve C 
at P. Conversely, if the degeneracy is of this type, the point P at which it 
occurs belongs to the locus D=0. 

If we set o=—y7/£ and take in consideration that 


equation (11) takes the remarkable form 
=0. (15) 


Consider the curves, w(x, y)=const. Through any point in the plane 
passes a unique curve of this family. The transformation 7’ shifts every point 
of the curve, w=const., in a constant direction whose slope is w. The slope of 
the tangent at any point of the curve is equal to 


Relation (15) expresses that at a point where any of the curves o=const. 
crosses the degeneracy locus D the curve touches the bridge of the point. 

Consider in particular a line / which the transformation 7 leaves invariant. 
At every point P of such a line the indicatrix degenerates into the line / itself 
and a second line which in general crosses / in a point different from P or P. 
It follows therefore that 


An invariant straight line of a transformation necessarily makes part of 
. the degeneracy locus D=0. At all points of such a line the indicatrix degen- 
erates and one branch of it is the line 1 ttself. 


From the discussion of Section 2 we conclude that a real invariant line 
can not penetrate into the elliptic region of the plane, for the degenerate indi- 
catrix is necessarily real at all points of such a line. 

The same remark holds for any continuous branch of the degeneracy locus 
and the Jacobian: they can have in the elliptic region of the plane but isolated 
points. 

As a corollary it follows that an elliptic transformation admits of no 
invariant lines unless a part of its discriminant locus be an wmvariant straight 


line. 
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y6. Directed Transformations. 


The case when the indicatrix degenerates at any point in the plane 
deserves special attention. Equation (9) shows at once that tlis will happen: 
First, when we have identically 


&€=0, 7=0. 


In this case we have x=, y=y, and T' is the identical transformation. 
Second, when J is identically zero. There exists then a functional relation 
between z and y, and 7 is a pseudo-transformation. Equation (1) is but a 
parametrical representation of a curve, or we can regard 7 as transforming 
the plane II into a one-dimensional configuration. Leaving these cases which 
do not present any interest, we still have to interpret the identical vanishing 
of D. The general integral of equation (15) is easily found to be 


y—ot=F (a), (16) 


where F is an arbitrary function and w is the slope of the bridge of any point. 
Since, on the other hand, the equation of the bridge at a point P(x, y) is 


equation (16) expresses that the totality of the bridges in the plane depend 
on but one parameter. The bridges therefore envelope a curve W. We shall 
call this type of transformation a directed transformation, and the curve W 
the directrix of T. 

If the directrix is an algebraic curve of class k, the multiplicity of such a 
transformation is at least k to k. The determination of such a transformation 
therefore requires the knowledge of the directrix and the mode of corre- 
spondence between the points P and P on the bridge. If the latter is a p-to-g 
correspondence, the multiplicity of the transformation is evidently kp: kq. 

Assume, in particular, that the correspondence between the points on the 
bridge is one-to-one. All the singular points of the transformation are 
evidently situated either on the directrix or on one of the double tangents to 
the directrix. The transformation is regular at any other point of the plane, 
and any one of its branches may be regarded as a one-to-one transformation. 
At any such regular point the indicatrix degenerates into the bridge and a 
second line 8.* 


* Concerning the meaning of singular and regular points see Section 21. 
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§7. Central Transformation. 


If on a directed transformation we impose the additional condition of 
being of multiplicity 1:1, the directrix W must reduce to a point 0. The 
transformation is characterized by the fact that all bridges concur in a point, 
the center of the transformation. 

The indicatrix of such a central transformation degenerates at any point 
in the plane into the ray of the point and a second line B. 

From the preceding section it is seen that the center is a singular point. 
If we take it for origin, the equation of any central transformation can be put 
in the form 


The curves g(x, y) =const. are of special interest. We have indeed, 


and the locus g=1 is a curve of fixed points.* We find, on the other hand, 


+9); 
and the Jacobian consists of the curves g=0 and xg,+yg,+9=0. 
We find for the discriminant 


(19) 
and the two branches have for equation 
yX—2Y=0, (20) 


Consequently the second branch of the indicatriz is parallel to the tangent 
of the curve g=const. passing through the point. At any point of the dis- 
criminant curve the curve g=const. touches at P the radius OP. From this it 
follows that the condition that a central transformation be parabolic is that the 
family of curves g=const. consists of the pencil of lines through O. Analyti- 
cally the condition can be obtained by integrating (19), which gives 


B= 9(y/x) +x, Y=G(y/x)- y. (21) 
If we put this in polar coordinates we arrive at the conclusion that the 
transformation 
O=0, f=9(4)p (21’) 
is parabolic throughout the plane. 
The curve g(x, y) =k and its image are evidently homothetic with respect 
to the origin, the ratio of homothety being k. 


*It is assumed here that if the function g(a, y) has a denominator, this latter does not contain « 
or y as a factor. 


E=(g—1)-2, n=(g—1)-y, (18) 
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§8. The Foci of a Transformation. 

Whenever a transformation admits of an invariant pencil of straight lines 
I shall call the vertex of such a pencil a focus of the transformation. The 
following theorem brings out the importance of these points. 

All indicatrices of a transformation pass through its foci, and conversely, 
if all the indicatrices of a transformation pass through a fixed point, the pencil 
of lines through this point is left invariant. 

For let K be the indicatrix for any point P, P the image of P, and C a 
focus of the transformation. By hypothesis PC is transformed into PC, C is 
therefore a tactal. Conversely, if all the indicatrices pass through a point C, 
consider any line 7 through C and the family of indicatrices relative to the 
points on 7. To each point P corresponds on the conic K a point P such that 
PC is the tangent at P to the image of J. All the tangents of 7 concur there- 
fore in C, which proves that / is a straight line passing through C. 

The transformation being assumed one-to-one, there exists a homographic 
correspondence between the two superposed pencils l andl. We see therefore, 
that in any invariant pencil there are two invariant lines u and v, the double 
rays of the pencil through C.°I shall call the invariant pencil elliptic, 
hyperbolic, or parabolic, according as u and v are congugate imaginary, real, 
or coincident. 

If an invariant pencil contains more than two invariant lines, every line 
in the pencil is invariant. The homographic correspondence between the two 
pencils / and J reduces to identity and the transformation is a central trans- 
formation. 

I shall say that a transformation is unifocal, bifocal, etc., if it admits of 
one, two, ete., foci. It follows from the considerations developed that among 
the indicatrices of a unifocal transformation there are two families of degen- 
erate conics. All the indicatrices of any one of the two families have an 
invariant line of the transformation for one common branch. 

No one-to-one transformation can possess more than three non-collinear 
foci. 

For, assume that there are four foci, C,, C,, C3, C,, no three of which are 
on a straight line. All indicatrices will have to pass through the four foci. 
The system of indicatrices in the plane would reduce to a pencil of conics and 
any one of the conics would have to serve as indicatrix for any point on it, 


which is absurd. 
We shall see later that if a transformation admits of three non-collinear 


foci it is a collineation. 
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If three of the foci of a transformation are collinear, any point on the line 
d containing these foci is also a focus. 


Indeed, since any indicatrix must pass through all the foci, they will all 
have the axis 6 for common branch, and, consequently, contain any point on 6. 
We shall see later that the transformation is a perspective. 


§9. Unifocal Transformation. 


If the focus of a unifocal transformation be taken for origin, one of the 
equations of the transformation can be readily obtained by expressing that 
there exists between y/xz and ¥/% a homographic relation 


Axy+ (22) 
By setting 


the equations of the transformation are put into the form 
B= (Aw+By)-g(a,y), J=(Cx+Dy) g(a, y) ; (23) 
and this is the resultant of the two transformations 
Y=y'g(z',y’) and #=Ax+By, y'=Ca+Dy. 
Consequently, 


Any unifocal one-to-one transformation is the product of a central and a 
linear transformation. 


Let now 7’, and 7, be two one-to-one transformations, one sending a point 
P into P,, the other sending P, into P,, and let 7',7,—T, represent the product 
of the two transformations, Let, moreover, K, be the indicatrix of T, for P, 
K, that of T, for P,, and K, that of 7; for P. The conic K,; must go through 
the three intersections of K, and K, others than P,. Indeed, if Q be one of 
these intersections, QP and QP, are corresponding rays in the pencils (P) and 
(P,). Since, on the other hand, P, is on K,, QP, and QP, are corresponding 
rays in the pencils (P,) and (P,). It follows therefore that QP and QP, must 
be corresponding rays in the pencils (P) and (P,) as determined by the trans- 
formation 7,;. @Q is therefore on the conic Kg. 

This lemma permits the determination of the indicatrix of a product of 
two transformations when the indicatrices of the components are known. For 
it gives five points of the conic K;: P, P,, QY, Q:, Q.. In particular it can be 
applied to any unifocal transformation thus reducing the determination of the 
indicatrix to that of a central transformation. 
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$10. Bifocal Transformation. 


Consider a one-to-one transformation 7 admitting two foci, C, and C,. 
We shall call the line /=C,C, the line of foci. Each of the pencils C contains 
two invariant lines. Denote these by u,, v, and u,, v,, respectively. It is clear 
that the transformation admits of four invariant points, 
The foci are singular points; the image of C, is indetermined on the line l, 
corresponding to / in the pencil (C,), and similarly C, is transformed into the 
line /, corresponding to / in the first pencil. The transformation admits of a 
third singular point G, the intersection of the lines J; and J; to which / corre- 
sponds in the pencils (C,) and (C,), respectively. The image of G is therefore 
the line of foci. 

On the other hand 7' can be considered in two ways as a unifocal trans- 
formation. It follows that the equations of the transformation are of the 
form 

A,i+By+C,=0, (24) 
where the coefficients are linear expressions in x and y. 

T is therefore a “ Magnus tratisformation.”* Any straight line is trans- 
formed into a conic going through three fundamental points, which in this case 
are C,, C, and the intersection F of 1; and /,. Conversely, any conic through 
C,, C, and the intersection G of J; and J; is transformed into a straight line. 
In particular, the pencil of lines through G goes into the ‘pencil through F’. > 

Let L, M, N be the fundamental points of any Magnus transformation 7, 
and L’, M’, N’ the fundamental points of the inverse transformation 7—", and 
consider 7 as operating between two superposed planes II and II’. Then a 
linear transformation could bring two pairs of corresponding points in coinci- 
dence, say L’ into Z and M’ into M. Under these circumstances the pencils 
(Z’) and (M’) would be superposed with (Z) and (M), and the points LZ and 
M would be foci of the new transformation. Therefore 

The most general Magnus transformation can be considered as the product 
of a linear transformation and a bifocal transformation. 


§11. Conformal Transformations, Elliptic Type. 


If a transformation conserves angles both in size and in sense of rotation 
I shall call it an elliptic transformation, otherwise a hyperbolic conformal 
transformation. 


*See Magnus, “ Nouvelle méthode,” etc. Crelle,8 pp. 52-63. 
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An elliptic conformal transformation has for indicatriax at any point of the 
plane a circle. 


The theorem is evident geometrically. Indeed, let ¢ and ¢’ be any two rays 
of the pencil (P), and let ¢ and ?¢’ be the corresponding two rays in the pencil 
(P). By hypothesis the angles (t, t’) and (¢, ¢’) are equal and have the same 
sense of rotation; the locus of the point t is therefore a circle. 

Conversely, if the indicatrix 1s a circle, the angles are conserved. Ana- 
lytically the condition that equation (8) represent a circle is given by 

p=q, (25) 
and this is the well-known condition that a transformation be “ directly” con- 
formal. 

A conformal transformation of this fype is necessarily elliptic throughout 
the plane, and the discriminant curve is imaginary. An invariant point of an 
elliptic conformal transformation is necessarily isolated and admits for indi- 
catrix the isotropic lines passing through it. 

There are no real invariant lines. 

It follows from the developments of the preceding section that a con- 
formal one-to-one transformation of this type is a bifocal transformation 
having two elliptic foci in the cyclic points at infinity I and J. 

All straight lines in the plane are transformed into conics going through 
the foci, 7. e., into circles, and these circles will have a third fixed point in 
common, real or imaginary. The lines of the plane have for images circles 
having a radical center in common, This radical center is real, for the lines 
1 and 1, to which the line at corresponds in the pencils J and J, respectively, 
are conjugate imaginary. For the same reason the four invariant points of a 
conformal transformation are real. 

Let F be the radical center of the circles, and let G be the radical center 
of the circles which are transformed into lines. Then from the preceding 
section it is seen that F is transformed into the line at infinity and G is the 
image of the same line, 7. e., F and G are vanishing points. 


$12. Conformal Transformations, Hyperbolic Type. 

The case of the hyperbolic conformal transformation, in which the sense 
of rotation of angles is reversed, is connected with the preceding case by the 
following theorem: 

Any hyperbolic conformal transformation is the product of a circular 
transformation and reflexion. 
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Indeed, let 
(x, Yy), (a, y) 


be the equations of a circular transformation. If we make the substitution 


we will have 


the condition p=q’, p’=—q is therefore transformed into 
p=—q', p'=—4. (26) 


Nevertheless there are some advantages in treating the problem directly. 
The following theorem is true: 


The indicatrix of a conformal transformation of the hyperbolic type is an 
equilateral hyperbola admitting the bridge for diameter. 


The proof can be based on this classical property of an equilateral 
hyperbola: Any arc of the curve is viewed at equal or supplementary angles 
from the extremities of any diameter of the curve. It can also be regarded as 
the geometrical interpretation of conditions (26) in the equation of the indi- 
catrix (8). 

Let us apply these considerations to the determination of all central con- 
formal. transformations. It is clear that, if real, these can not be of the 
circular type as the indicatrix degenerates. Therefore the indicatrix is a 
degenerate equilateral hyperbola admitting the bridge for diameter. The 
second branch of the indicatrix is then the perpendicular bisector to PP. The 
curves g=const. are orthogonal trajectories to the bridges as well as their 
images, that is, circles having O for center. The transformation is necessarily 
reversible, and the points of any bridge and their images determine an involu- 
tion. The transformation is therefore an inversion. 


$13. Collineations. 


Assume now that a one-to-one transformation 7 admits three invariant 
pencils (A), (B), (C). The indicatrices of the transformation form then a 
system of conics circumscribed to a fixed triangle ABC. 

Consider a line / of general position, and consider the family of indica- 
trices relative to the points on this line. They depend on but one parameter 
and consequently admit of an envelope (E). 
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Let E be the point in which the conic K relative to a point P touches the 
envelope. This point is uniquely determined, for by hypothesis the indicatrix 
passes through three fixed points. Let K’ be the position of the indicatrix for 
an infinitely close point P’. The tactal t of the line / for P is at the intersec- 
tion of K and J, and likewise that of P’ is at the intersection of K’ and I. 
When the point P’ approaches P, the point t approaches the point F as a limit. 
The point E is therefore on/. Since all indicatrices relative to the line / can 
not touch the line / it follows therefore that the point E is fixed. 

Consequently 

Whenever a transformation admits three foci the family of indicatrices 
relative to the points on any straight line form a pencil of conics. 

‘This theorem leads at once to the following: 

Any trifocal transformation is a collineation. 

Indeed the image of the line / has all its tangents going through the point 
E, it is therefore a line through HZ. We can complete then the preceding 
theorem by this statement. The four basic points of the pencil of conics are 
the three foci and the intersection of the line / and its image J. 

Among the indicatrices of the pencil, that relative to E is tangent to the 
line 1. For let E be the image of E: the line EE is the bridge for E, conse- 
quently the line 7? must touch the indicatrix at 1. (See Section 1.) 

Conversely any collineation admits three foci. To show this I shall prove 
the following lemma: 

The indicatria of the image of a point P is the image of the indicatria of 
the point P. : 

Indeed, let P and P be the two points. By hypothesis any line | through 
P is transformed into a line through P. Let and meet in a point t. This 
point belongs to the indicatrix K of P. Let us seek the image 7 of +t. It is 
at the intersection of / and its image Fi and consequently belongs to the indi- 
eatrix K of P. 3 

Assume now that the indicatrix K does not degenerate identically, that is 
that the collineation is not central. The two conics K and K meet besides in 
P in three other points A, B and C. The line PA goes into PA, and PA into 
PA. Ais therefore an invariant point and the same is evidently true of B 
and C. The three pencils (A), (B), (C) are therefore invariant. Consequently 
any collineation is a trifocal transformation, and the indicatrices circumscribe 
a fixed triangle ABC. 
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$14. Perspective. 


In the proof of the last theorem we have expressly assumed that the indi- 
catrix does not degenerate identically. Suppose now that the conic K degen- 
erates at any point of the plane and let P and P be a point and its image. 
We know that the’ transformation is central, i. e., PP goes through a fixed 
point P. Let 8 be the second branch of K. Any line/ through P will inter- 
sect its image / in a point t on @. It follows that if on the line J we take any 
other point Q the indicatrix of Q will also go through t. And since ¢ is any 
point on @ we conclude that 

All indicatrices of a central collineation (or perspective) have one branch 
in common (the axis of perspective). 

Any point on the axis @ is a focus and the transformation possesses also 
an additional focus O without the axis. Let C be a point of the axis. The 
pencil (C’) has for the two invariant lines CO and £. 

The product of two perspectives is in general a non-central collineation. 
Indeed, let T, and T, be two perspectives with O, and O, as centers, and #, and 
B, as axes, respectively, and let P, P, and P, be a point, its image by 7, and 
its image by 7,7,, respectively. PP, goes through O,, and P,P, through 0. 
According to a lemma proved in Section 9 the indicatrix of P by 7,7, is deter- 
mined by P, P and the three intersections of the indicatrices of P and P, for 
T, and T,, respectively. If then @, and @, meet in a point A, PP, and #, in F, 
and P,P, and @, in G, the indicatrix of the resultant transformation will go 
through P, P,, A, F and G, and consequently does not degenerate unless (3, 
and coincide. 

The perspectives of a plane do not forma group. All perspectives having 
a common axis form a group. 

It is readily seen that the point A where the two axes of perspective meet 
is one of ihe foci of the resultant collineation. To find the other two foci we 
shall remark that 7,7, shifts O, and O, on the line 0,0,. The line O,0, is 
therefore invariant under 7,7, and contains the other two foci. The latter 
can therefore be determined as the intersections of the indicatrix for P and 
0,0, . 

Conversely any collineation T can be regarded in an wfinite number of 
ways as a product of two perspectives, T,T,. We can choose arbitrarily the 
two centers 0, and O, on one of the sides of the invariant triangle, the two 
axes of perspective are then perfectly determined. They meet at the opposite 
vertex of the triangle. To actually perform the decomposition let P and P be 
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two corresponding points and let K be the indicatrix for P. O, and O, being 
taken at random on BC, let PO, meet K in a second point F, and PO, meet K 
inG. Then F'A and GA are the two axes of perspective. If now P, be the 
intersection of O,P with O,P, P, is the image of P by 7, while P is the image 
of P, by T,. The two perspectives are therefore perfectly determined. 


This theorem gives a first method of constructing a collineation given the 
invariant triangle and a pair of corresponding points. 


§15. Classification of Collineations. 


The indicatrix offers a natural method for the classification of collinea- 
tions. Since the indicatrices of a collineation form a bundle of conics the 
following cases are possible: 

A. The three foci are distinct. The indicatrices circumscribe the invariant 
triangle. We shall call such a collineation trifocal. From the standpoint of 
real transformations we must distinguish two cases: a) the three foci are all 
real, b) two of the foci are conjugate imaginary. In the first case all three 
invariant pencils are of the hyperbolic type. In the second case two of the 
pencils are elliptic. 

B. Two of the foci are coincident. The indicatrices all pass through a 
fixed point A and touch a fixed line a at another fixed point B. The invariant 
pencil (B) is hyperbolic while (A) is parabolic. For any point of the line a 
the indicatrix degenerates into a and a line @ passing through A; while on the 
other hand the indicatrix of any point on AB will have for the two branches 
AB and a line through B. In particular at B the indicatrix will consist of 
AB doubled. Therefore the point A belongs to the discriminant curve. We 
shall call this type a bifocal collineation. ; 

C. All three foci are coincident in a point A. The collineation is wni- 
focal. All indicatrices osculate at A and therefore have a common tangent a. 
The pencil (A) is parabolic and the point A again belongs to the discriminant 
curve. 


D. One of the invariant pencils consists of invariant lines only. Suppose 
(C) to be this pencil; then C is a center and the opposite side c of the invari- 
ant triangle is a fixed line. The transformation is therefore a perspective 
having C for center and c for azis. 

EK. A particular case of the latter is when the center C is onc. In this 
case the transformation can be considered as a degeneracy of the type C. The 
curve c is a part of the discriminant curve. The collineation is an elation. 
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$16. The Discriminant of a Collineation. 


The discriminant curve of a trifocal collineation is a parabola inscribed 
in the invariant triangle. 

Consider indeed any line / and its image / and let E be their intersection. 
We have proved that the family of indicatrices relative to / is a pencil of 
conics having EF for a fourth fundamental point. But among the conics of a 
pencil there are two parabolae: let D and D’ be the points for which these 
parabolae are indicatrices. Then D and D’ are the unique points in which / 
meets the discriminant curve A. The latter is therefore a conic. 

When a point moves along any invariant side, say a, the second branch of 
its indicatrix turns about A; the correspondence thus generated between the 
range (a) and the pencil (A) is one-to-one. There exists therefore but one 
point LZ on a whose indicatrix degenerates into two parallel lines, i. e., a and 
the line a’ parallel to a and passing through A. This point L belongs to A 
and evidently a touches A at ZL. Since there is but one such point on any side 
of the invariant triangle, the conic A is imscribed in the triangle ABC. 

On the other hand, the pencil of indicatrices relative to a line 1 generate a 
parabolic involution on /, since / goes through‘ one of the basic points of the 
pencil and E is the double point. There exists therefore in a pencil but one 
conic K touching /, and the point of contact isin E. If we take for / the line 
at infinity, w, the unique conic of the pencil relative to w that touches w is 
evidently a parabola, and the point of contact belongs to the discriminant 
curve. The two points D and D’ in which w meets A are coincident in E, and 
therefore D touches o at KH. The discriminant curve is thus a parabola. 


The asymptotic directions of the indicatria at a point are the two tangents 
drawn from P to the discriminant conic A. 


Indeed, let J be a line through P parallel to its image J. The point £ is 
then at infinity, and the conics K of the pencil touching / at E are parabolas. 
The pencil has therefore two coincident parabolas and consequently / is tan- 
gent to the discriminant curve A. 

As a corollary we see that it is the interior of the parabola A that makes 
up the elliptic region of the plane. If then the three foci are all real (hyper- 
bolic) the invariant triangle is entirely within the region H. If two of the 
foci are conjugate imaginary, the real focus, being elliptic, must be within the 
parabola. 

As a second obvious corollary we derive that the bridges relative to the 
vanishing line w envelope the discriminant curve. It follows from this that the 
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vanishing line itself 1s a tangent to A, for there exists on it one point V which 
has for image the point at infinity on w, and since the image of the bridge of a 
point touches the indicatrix at the image of the point, V has for indicatrix a 
parabola and is therefore on A. 

The same considerations hold with but slight modifications in the case of 
bifocal and unifocal collineation. If A and B are the two foci, and a and c the 
two invariant lines, the curve will be inscribed in the angle (a,c) touching c 
at A. In the case of a unifocal collineation the parabola A is osculating at A 
all indicatrices, it is therefore itself an indicatrix. 

In a perspective the conic A degenerates in a double line parallel to the 
axis of perspective and going through the center. This line coincides with the 
axis of perspective in the case of elation. 


$17. The Conformal Points of a Collineation. 


Let J and /’ be any two lines through a point P,and/ and /’ their images 
through P. If the angles (J, /’) and (i, 1’) are equal for all positions of the 
lines, I shall call P a conformal point. I shall prove now that 


| There exists for any non-conformal collineation one and but one conformal 
point in the elliptic region. This point is the focus of the discriminating 
parabola. 

Indeed, to determine the point it is sufficient to find the point H which has° 
for indicatrix the circle circumscribed to the invariant triangle, and providing 
the collineation is not conformal, there exists but one such point. Now the 
asymptotic directions at E are isotropic, and since they are, according to the 
preceding section tangents to A, EL is the point from which we can draw two 
isotropic tangents to A, that is, the focus of A. 

In the same way it can be shown that in the hyperbolic region of the plane 
there also exists a point H at which angles are conserved. The indicatrix for 
this point must be an equilateral hyperbola and HH a diameter of the indi- 
catrix. Now, since the asymptotic directions of all indicatrices are tangent to 
A, the locus of the point for which the indicatrix is a rectangular hyperbola is 
the directrix d of the discriminating parabola. The line d goes through the 
orthocenter of the invariant triangle and meets there its image d, for all equi- 
lateral hyperbola circumscribed to a triangle pass through its orthocenter. 
The point H may be any point on d, but once selected, the collineation is per- 
fectly determined. Indeed the indicatrix is then known by five points (H, 
orthocenter, and A, B, C) and consequently by taking for H the point diamet- 
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rically opposed to H on the indicatrix, the indicatrix is determined by the 
three invariant points and a pair of corresponding points. 

The actual construction of the point H can be effected in the following 
manner: Let O be the orthocenter of the triangle. Then OA must be seen 
from the same angle from H and H. If then we construct on OA an arc of 
capacity OHA the point Hi is on the are, providing the arc has been so drawn 
that the angles OHA and OHA have opposite senses of rotation. If we now 
perform the same construction for OB, the point H will be determined as one 
of the intersections of the two circles, the other being in O. 

If a collineation admits more than one conformal point of each type it is 
a conformal transformation. This is clear for the elliptic points, for were 
there more than one such point, the corresponding indicatrices being circles, 
two of the invariant points would be the cyclic points at infinity, and conse- 
quently all indicatrices would be circles. As to the hyperbolic conformal 
points the case can be immediately reduced to the preceding one by a reflection. 
A non-central hyperbolic conformal collineation can not exist however, for all 
conics circumscribing a triangle can not be equilateral hyperbolae. 


§18. Geometrical Determination of a Collineation. 


Lemma. If P, P and Q, Q are two pairs of corresponding points, and if 
the indicatrices of the collineation for P and Q meet in a fourth point S, then 
will PQ and PQ meet in S. 

ProBLbEM 1. Determine a collineation by its invariant triangle and two 
pairs of corresponding points P, P on a and Q, Q on b. 

The second branch of the indicatrix for P passes through A, and that of 
Q through B, and according to the lemma both indicatrices contain the point S 
in which PQ and PQ meet; the indicatrices are therefore perfectly determined. 
In order now to obtain the image of any point FR in the plane, join R to P and 
let RP meet SA in R,, also draw RQ meeting SB in R,; then will PR, and 
OR, meet in the image R. 

Prostem 2. Determine a collineation by its invariant triangle and 
one pair of corresponding points R and R not belonging to the invariant 
triangle. 

We can immediately reduce this to Problem 1 by drawing RA, RA, RB, 
RB; for if the first two lines meet a in P and P, and the second two meet b in 
Q and Q, P and P, Q and @Q are evidently corresponding points. 
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The problem can also be treated directly, for the indicatrix K, of R is 
determined by the five points R, R, A, B and C. We can therefore determine 
projectively the intersection of any line RS with K. Let this intersection bet; 
then the indicatrix K, of S is perfectly determined by the five points 7, S, A, 
B, C, and the determination of S requires the finding of the intersection of R 
with K,. The construction therefore necessitates two Pascal constructions.* 


Prostem 3. Determine a collineation by four pairs of corresponding 
points of general position: P, P; Q, Q; R, R; S, 8. 

If we denote by PQ - PQ the intersection of PQ and PQ, the conics Kp 
and Ky, are determined respectively by the five points 


P; P; PQ-PQ; PR-PR; PS-PS and Q; Q; QP: QP; QR: QR; QS - QS. 

By one Pascal construction we can therefore determine the intersection 
t, of Kp with the line MP, M being any point in the plane. A second Pascal 
construction would give us the point t, where MQ meets K,. The point MU is 
at the intersection of Pt, and Qr,. 

We have the following theorem as a consequence of the fact that four 
pairs of points determine a collineation. 

Let P,P; Q,Q; R, R; S,S be four pairs of points of general position. 
The four conics Kp, Kg, Kp and Kg determined respectively by 

P, P, PQ - PQ, PR- PR, PS - PS; QP - QP, QR - QR, QS - QS; 

R, R, RP- RP, RQ- RQ, RS-RS; SP, SQ -8Q,SR-SR 
have three points in common. 

ProsueM 4. A collineation being given by its invariant triangle and a 
pair of corresponding points, P and P, determines its discriminating parabola 
A and the elliptic conformal point. 

Applying again our lemma let the parallel to a through A meet the indi- 
catrix Kp in S, then if PS meets a in L, L is the point where a touches A. 
The points M and N are determined in a similar manner. 

The elliptic conformal point E is located by the following simple con- 
struction. Let the parallel through A meet the circumscribing circle K, in t, 
and let tZ meet the circle in a second point H. The latter is evidently the 
conformal point. 

The latter construction can be applied to the problem: Find the focus of 
a parabola inscribed in a triangle. 


*I call Pascal construction the construction based on Pascal’s hexagram theorem. 
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$19. Displacements, Linear Transformations. 


A conformal collineation must be either of the trifocal type or a central 
collineation. 

I. Rotation. If the indicatrices of a conformal collineation do not 
degenerate identically, they can not consist of equilateral hyperbolae only. 
They are therefore circles, and two of the invariant points are the cyclic 


-points J and J. The transformation is a rotation. All indicatrices have a 


common radical center O, the center of rotation. If the transformation is real 
this latter is real, and the bundle of circles is a hyperbolic bundle. If the 
center be taken for origin and if a be the angle of rotation, the equation of the 


transformation is 
Y=xXsin a+y Cos a. (27) 


The equation of the indicatrix is then 
X?+Y’=k(xX+yY), where k= sec a. (28) 


II. Still assuming that the conformity is direct if the indicatrix degen- 
erates identically, this can only happen in two ways. Hither the two branches 
are asymptotic directions of the circle, that is isotropic lines and then the 
transformation is imaginary; or one of the branches 1s the line at wmfinity. 
Any line / has in the latter case a parallel image. Assume first that the center 
of perspective is not on the line at wmfinity. The transformation is then 
homothetic. 

III. If, however, the perspective becomes an elation, that is its center is 
also on the line at infinity, the transformation is a translation. 

IV. Finally, if the conformity of the collineation is of the hyperbolic 
type, the indicatrix must consist of two perpendicular straight lines, and its 
fixed branch must bisect the bridge. The bridges are therefore all parallel 
and the center of perspective is at infinity. We have then a reflection. 

More generally consider a collineation leaving the line at infinity invariant. 
If the two invariant points on the line at infinity are real, all the indicatrices 
are hyperbolae with fixed asymptotic directions.. If, on the other hand, the 
two foci at infinity are imaginary, the transformation is elliptic throughout 
the plane. The collineation in both cases are linear transformations, and, if 
the finite focus be taken for origin, admit the equations © 


Z=axr+by, yo=cu+dy. (29) 
The discriminant is 


A= (a—d)*+4be, (30) 
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so that the transformation is hyperbolic or elliptic according as A is positive 
or negative. If A=0 the two foci at infinity become coincident. The indi- 
catrices represent a bundle of parabolae passing through a fixed point, and 
admitting at the point a fixed diameter. Geometrically the three cases are 
distinguished by the fact that a hyperbolic linear transformation will leave 
two real pencils of parallel lines invariant, a parabolic but one real pencil 
while an elliptic linear transformation will not move any real line parallel to 
itself. 

The last considerations are capable of an obvious generalization. Con- 
sider any Magnus transformation that admits two foci at infinity. 


The indicatrices of such a transformation will have fixed asymptotic 
directions, and, conversely, any one-to-one transformation admitting a system 
of indicatrices with fixed asymptotic directions is a Magnus transformation 
with two foci at infinity. 

If the third fundamental point be taken for origin and the directions 
determined by the foci as directions of coordinate axes the equation of such a 
Magnus transformation takes the form 


G=A/(x—a), Y=B/(y—d). (31) 

A and B being arbitrary coefficients, and a, b the coordinates of the finite 
fundamental point. 

$20. Dualistic Developments. 

The results reached in this investigation admit of obvious dualistic devel- 
opments. 

Given a line-to-line transformation T, let 1 and I be two corresponding 
lines. Consider a line configuration C admitting / as a simple tangent, and let 
P be the point of contact. The image C of C will touch / at a unique point P. 
I shall continue to call PP the bridge. The bridge is independent of the curve 
C chosen and depends only on the line / and the point P. When the point P 
describes / there is a one-to-one correspondence generated between the ranges 
1 and J, and the envelope of the bridge is consequently a conic L touching 
1 and-l. I shall call this conic the indicatrix of the line transformation T for 
the line l. 

The discussion of the divers cases brings out the following properties of 
the line indicatrix which I state without proof: 

Let 9 be the intersection of / and J, and let L touch J and / in A and B, 
respectively, and furthermore let A’ and B’ be the points of LZ diametrically 
opposed to A and B, then 
27 
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1°. If acurve C touches lin A its image C will touch 1 in 8, and con- 
versely: if C touches | in S then will C touch | in B. 

2°. If a curve C admits | for asymptotic, its image C will touch lin A’, 
and if C touches | in B’, 1 is an asymptotic of C. 

3°. Let C and C’ be any two curves and 1 a common tangent, touching C 
in P, C’ in P’.. If C and C’ touch 1 in P and P’, I shall say that distances are 
conserved along 1 and 1 if PP’=PP’. A line transformation that conserves 
distances throughout the plane I shall call a collateral transformation, directly 
collateral if PP’=PP’ inversely if PP’=—PP’. Then the condition necessary 
and sufficient that a transformation be inversely collateral is that the indicatriz 
be a parabola symmetrically inscribed in the angle (1, 1). For a direct collat- 
eral transformation tt is necessary and sufficient that the indicatrix degen- 
erate into two points, the point S where | and | meet, and the point at infinity 
in the direction of a bisector of (I, 1). 

4°, If the indicatrix for a line / degenerates, three cases are possible: 
A. lis an invariant line; B. lis an element of the Jacobian; C. Any curve 
touching 1 at S will have an image touching 1 at S. The degenerate indicatrix 
consists of two points, which in Case A are both on J; in Case B one of the 
points is on I, the other on J; finally, in Case OC, one of the points is in 9. 

5°. If the indicatrix degenerates identically and T is a proper transfor- 
mation the point S will describe a curve, which may again be called the direc- 
trix of T, and T a directed transformation. If besides T is one-to-one, the 
directrix is necessarily a straight line which I shall call the aais of T, and T 
an axial transformation. 

6°. If a range of points goes into itself the bearer of the range, f, is a 
focal line. All the indicatrices of the plane will touch f. We can prove in the 
same way in the correlative case that a one-to-one transformation will not 
admit more than three non-concurrent focals. In the case of three focals we 
have a collineation which is a self-dualistic transformation. If, however, three 
focals are concurrent in a point O, any line through O is a focal and the trans- 
formation is a perspective. The latter being an axial transformation, any 
indicatrix will consist of the point O and a second point on the axis of per- 
spective. 7 

7°. Ifa collineation 7 be regarded as a line transformation all indica- 
trices are inscribed in the invariant triangle. The discriminating parabola of 
T regarded as a point collineation is nothing but the indicatrix for the line at 
infinity of T regarded as a line configuration. 
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This outline may suffice to bring out the most prominent features of the 
analogy between point and line transformations. 


$21. Ezatensions and Generalizations. 


We have expressly assumed in the preceding investigations that our 
transformation is of multiplicity one-to-one. I shall reserve for a subsequent 
paper the detailed study of transformations of higher multiplicity. Never- 
theless I think this is the proper place to point out that most of the results 
reached apply without modifications to the general case. 


Let 
U Y, &, y) V (&, Y, &, y) =0, (32) 


be the equations of the transformation in implicit form, and let P(az, y) be any 
point in the plane. If, regarding 2 and y as constants, the solution of equa- 
tions (32) give a discrete number of values for & and ¥ all distinct we shall 
say that the point P is regular with respect to the transformation T. If the 
point is not a regular point it is either a singular point, that is, it has an 
infinity of corresponding points, or it is a point of coincidence, that is, at least 
two of its images are coincident. 

All our investigations conserving the indicatrix apply evidently to any 
continuous point to point transformation at any regular point. If the point 
P has n distinct images P,, P,,...., Py, there will be n indicatrices passing 
through P, one for each of its images. Once the couple of points (2, y) and 
(Z, ¥) determined, the equation of the indicatrix becomes 


oU oU 

(X—x) + Oy (Y—y), (X—z) + (Y—y), 

OE + (Y—y), OE (X—zZ) + (Y—y), 


Assume now that the point P is a point of coincidence. For example, 
that T is a two-to-one transformation and the two images of P are coincident 
in P, It is clear then that at P the image of any curve C passing through P 
will have a double point. To a ray ¢ through P will correspond two rays 
through P, but to a ray ¢, but one ray ¢ will correspond. The indicatrix is 
therefore cut by any ray through P in one point only. The indicatrix is there- 
fore a cubic having a double point in P and passing through P. On the other 
hand, this cubic is but a limiting position of a configuration consisting of two 
conics, it must therefore degenerate and it consists of three straight lines a, B, 


| 
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y, of which « and 6 meet in P. The point P is evidently on the Jacobian of 7’. 
At any other point of the plane the behavior of the indicatrix is regular, and 
any determination of T can be regarded as a one-to-one transformation. All 
the considerations developed in the general theory apply therefore with this 
restriction. 

In the most general case of a continuous p-to-q transformation the 
behavior of the indicatrix at a point will be analogous to that of the example 
considered. As long as we avoid the singularities described above, all the 


results of the general theory hold. 


* 
* * 


As to the generalization of the theory, it can be pursued in two directions. 
First, we may extend the conception of the indicatrix to any surface of genus 
zero; second, to space line-to-line transformations. I reserve these considera- 
tions for a subsequent communication. 


BLOOMINGTON, IND., February, 1917. 
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Properties of a Certain Projectively Defined Two-Parameter 
Family of Curves on a General Surface. 


By Pavuine Sperry. 


1. Analytic Foundation of the Differential Geometry of Non-Ruled 
Surfaces. 


In his first memoir on the “Projective Differential Geometry of Curved 
Surfaces,” * Mr. Wilezynski has shown that the projective theory of non-ruled 
analytic surfaces may be based on the consideration of a system of completely 
integrable partial differentia] equations of the second order which may be 
reduced to the so-called canonical form 


Yuut2by,+fy=0, Yyt2a’y,+gy=9, (1) 


where the subscripts denote partial differentiation, and where the coefficients 
are analytic functions of u and v satisfying the integrability conditions 


(2) 


b,,+f,+2a'b,+4ba,=0, 
Iuu—f pp —4f0,,—20'f, +496, + 2bg,=0. 


Such a system of differential equations possesses exactly four linearly inde- 
pendent analytic solutions 


yP=f(u,v) 1, 2, 3, 4). (3) 


If we now interpret y“’,...., y®, as the homogeneous coordinates of a point 
P,, and let the independent variables range over all their values, P, will 
generate a surface S,, an integral surface of (1), which will be a ruled surface 
if, and only if, a’=0 or b=0 (a case which we shall exclude in this paper), 


and upon which the reference curves, uw=constant and v=constant, are the 


* There are five of these memoirs which appeared in the Transactions of the American Mathematical 
Society from 1907-1909. These will be referred to in the following pages as “ First Memoir,” etc. 
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asymptotic lines. Since the most general system of linearly independent solu- 
tions of (1) is of the form 


4 
m= (i=1, 2, 3, 4), (4) 


where |c,,|$0, the most general integrating surface of (1) is a projective 


transformation of any particular one.* 
~ The canonical form is not uniquely determined. The most general trans- 


formation leaving it invariant will preserve the asymptotic curves as lines of 
reference and will be of the form 


y=CVa,B,y, U=a(u), T=B(v), (5) 


where a and @ are arbitrary functions of u alone and of v alone respectively, 
and where C is an arbitrary constant.t 
The functions 


are semicovariants. If the four independent solutions of (1) are substituted 
in 2 we get four functions 2, ...., 2“, which may be taken as the homo- 


geneous coordinates of a point P,. Soalsofor p and c. The points P,, P,, 
P,, P, are in general the vertices of a non-degenerate semicovariant tetrahe- 
dron T.¢ In just the same way every expression of the form 


(7) 


determines a point P, whose coordinates referred to 7, by means of a suitable 
choice of the unit point, may be taken as (2, %, 3, %). 


2. The Differential Equation of Certain Two-Parameter Families of 
Curves on a General Surface. 


The theory of two-parameter families of curves on a general surface has 
received but little attention except in so far as such a general] theory may be 
implied by the theory of geodesics. We shall discuss in this paper a class of 
curves which will include the geodesics as a special case. 

Let us associate with every point P, of the surface one of the lines 1, 
which passes through that point, but does not lie in the tangent plane of the 
point. All these lines form a congruence LZ. Let us consider a curve on the 
surface which has the property that each of its osculating planes passes 
through the corresponding line of the congruence. All such curves will clearly 


* First Memoir, p. 237. + First Memoir, pp. 90-95. t Second Memoir, pp. 79-80. 
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form a two-parameter family, and it is easy to show that they will be the 
integral curves of an equation of the form 


+2 (bu? +2 + =0, (8) 
where u’=du/dt, u’ =d’u/dt*, etc., and where p, and p, are functions of u and 


v which depend upon the choice of the congruence L. 
The coordinates of F. referred to the local tetrahedron of reference 7 are 


(1, 0, 0,0) so that the equation of any line l, through P, referred to T may be 
written in the form 

(9) 
where the coefficients are in general functions of u and v. If we denote by 
II, and II, the left-hand members of (9), 

+uII,=0 (10) 
is the equation of any plane through /,. If, in particular, this plane is the 
osculating plane of a surface curve through P,, the coordinates of y’ and y” 
must also satisfy (10). By means of (6), 

y’ =dy/dt=w'z+v’p, (11) 

y= @y/d?=— (u?f+v7g) y+ (u”—2a’v”) 2+(v"”—2bu”) p+ 
The coordinates of y’ and y” referred to T are therefore 

(0, uw’, 0), (—u?®f—v"g, w’—2a’'v”, v’—2bu", 2Qu’v’). 
The substitution of these coordinates in (10) gives upon the elimination ot 
the ratio 4: u equation (8), where 

It is now evident that the line J, must not lie in the tangent plane, as the 


denominator A,B,—A,B, would vanish in that case and only in that case. If 
v be taken as the parameter of the curve, equation (8) will become 


u” (12) 


It is also true that the one-parameter families of planes osculating the 
integral curves of an equation of the form (8) at the point P, form a pencil. 
The equation of such a plane is 


If (uy, vi), (us, V2), (ug, ¥3) are three pairs of values of wu’, v’ corresponding 
to three distinct curves of this sort which pass through the same point, it is 


al 
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evident that the corresponding equations (13) are not linearly independent 
for the determinant of the coefficients 


, , , 
, 
Vg PyUe+t 
, , , 
Vg —Ug 


vanishes identically. We have proved the following theorem: 


If a two-parameter family of curves on a non-ruled surface has the 
property that the osculating planes of all of the curves of the family which 
pass through a given surface point P, have in common a line through P,, then 
the second order differential equation of the two- aeuaciatd family of curves 
has the form (8) and conversely. 

- These curves we have called union curves because of the characteristic 
property of united position of line and plane. It is evident that neither of 
the one-parameter families of asymptotic curves u=constant and v=constant 
can be union curves on a non-ruled surface since that would necessitate the 
condition a’=0, or b=0. 

Among the congruences associated with the surface in the way described 
above are two of particular interest, the congruence of surface normals and 
the congruence of directrices of the second kind. One may define a geodesic 
as the curve whose osculating plane at a point contains the surface normal for 
that point. In case that for a particular one of the projectively equivalent 
integral surfaces of (1), the congruence LZ happens to be the congruence of 
surface normals, the corresponding union curves on that surface will be 
geodesics. Since perpendicularity is not a projective property, they would 
not in general be geodesics on the other integral surfaces of (1). The other 
congruence, the congruence of directrices of the second kind, is determined as 
follows: If we take five consecutive tangents to the curve v=constant, they 
determine in general a linear complex which approaches a limiting position as 
the tangents approach coincidence.* This complex is called the osculating 
linear complex for the asymptotic curve of the first kind. Similarly for the 
asymptotic curve of the second kind u=constant.t These complexes have as 
their intersection a congruence, one of whose directrices lies in the tangent 
plane of the point P,, while the other, known as directrix of the second kind, 


* E. J. Wilezynski, “ Projective Differential Geometry,” p. 162. In the following pages this book will 
be referred to as Proj. Diff. Geom. 
¢ Second Memoir, pp. 90-95. 
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passes through the point itself, but does not lie in the tangent plane. The 
equations of the latter referred to the local tetrahedron 7 are 


(14) 
If the congruence L is the directrix congruence of the second kind, 
(15) 
where 
azaa,/2a’, (16) 


Equation (12) is a non-linear, non-homogeneous equation of the second 
order whose coefficients are functions of u and v. Since the complete solution 
involves two arbitrary constants, it represents a two-parameter family of 
curves, any one of which is uniquely determined when the surface point 
through which it must pass and the tangent at the point are given. The 
differential equation (12) can be integrated only in a few cases. The inte- 
gration of an equation of this type in certain instances has been discussed by 
Darboux,* Liouville,t and Guldberg.¢t If Z is the directrix congruence we 
ean find a class of surfaces for which we can always integrate (12). Mr. 
Wilczynski has considered a class of surfaces for which the invariants 
I=B,/4BA}, and J=A,/4AB', where A=a’b® and B=a”b, vanish identically, 
and he has shown that these surfaces are self-projective.§ For such surfaces 
we may assume without loss of generality that a’ =b=1. Then equation (12) 
becomes p’+2p*—2=0, where p=w’, and its first integral is 


log cV (p—1)?/(p?+p+1)—(V3/3) are tan (2p+1)/V3=—2v. 


3. The Definition of Torsal Curves and Their Relation to Union Curves. 


There are two well-known fundamental properties of congruences. First, 
the lines of a congruence are the common tangents of two surfaces, or more 
precisely, they are the double tangents of a surface with two sheets, the focal 
surface. Second, if the two sheets of the focal surface do not coincide point 
for point, the lines of the congruence may be assembled into two one-parameter 
families of developables. We shall determine the curves on S, such that the 
ruled surface composed of the lines of Z, corresponding to the points of these 
curves shall be developables. These curves we shall call torsal curves. There 


* Darboux, Lecons, Vol. III, Chap. 5. 

¢ R. Liouville, “ Sur une classe d’équations différentielles,” Comptes Rendus, Vol. CV (1887), p. 1062. 

$A. Guldberg, “On Geodesic Lines on Special Surfaces,” Nyt Tydsskrift. Math., Vol. VI (1895). 
(See Jahrbuch, “‘ Ueber die Fortschritte der Mathematik.’’) 

§ E. J. Wilczynski, “ On a Certain Class of Self-Projective Surfaces,” Transactions of the American 
Mathematical Society, Vol. XLV (1913), pp. 421-443. 
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will be two of these curves passing through each non-special point of the 
surface, one from each family. We shall assume, therefore, that the two sheets 
of the focal surface are distinct, that is, that it will be impossible to find two 
functions w,(u, v) and w,(u, v) such that 

w,(u, (k=1, 2, 3, 4), 


where £ and 7“ are the coordinates of points on S; and S,, the two sheets 


of the focal surface.* 
The equations of /,, as given in (9), are satisfied by the coordinates 


(0, 1) so that the point P,, where 

t=—p.2+pipto (17) 
is a point of J,. If we allow u and v to take on the infinitesimal increments 
du and dv, the point P, moves to the point P,,,,au+),a4, and the point P, to 


Where 


(18) 
and 
P=fp,+2bg—f,, P’=—gp,+2a'f—g,, 
Q=4a'b — pry; Q’ = —2a'p,—g—24,—Pr , (19) 
R=2bp,—f—2b,+p,, R’= 4a'b+p,, 
S=p,, S’'=—p,. 


An arbitrary point P, on the line /,,,, au+,,4, Will be represented by 
A(y+y,dut+y,dv) +u(t+t,du+t,dv), 


and its coordinates referred to 7’ will be 
%=A+u(Pdu+P'dv), Adu+u(—p.+ Qdu+Q’dv), (20) 
In order that P, may also be a point of J,, its coordinates must satisfy (9), 
that is, 
A[A,du+ Agdv] du+ (A,Q’+ 4;,R’+ 4,8’) dv] =0, (21) 
+B,S)du+ (B.Q’+ BR’ +B,S8’)dv]=0, 


whence 
A,du+A;dv (A,Q+A,;R+4,8)du+ (A,Q’+A;R’+4,8’) dv 


Bdu+Bdv (B,Q+BR+B,8)du+t +BsR'+B,S')dv 


* E. J. Wilczynski, “ Sur la theorie general des congruences,” Bruxelles, 1911. 
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If we let 
L=2bp,—f—pi—2b,+ py; 2M = Poy » (23) 


then (22) becomes 
Ldw+2Mdudv+Ndv*=0; (24) 


this is the quadratic equation of the tangents to the torsal curves. If these 
curves form a conjugate system, there exists a function @, such that p,=—6, 
and p,=6,. When L is the directrix congruence of the second kind, the torsal 
curves are the directrix curves.* If LZ is the congruence of normals, they are 
the lines of curvature. 

The question naturally arises whether some or all of the union curves 
might be plane. We shall show that this can happen if, and only if, they are 
at the same time torsal curves. 

Every curve in three-dimensional space is characterized by a linear 
differential equation of the fourth order of the form,t 


+4q,y'" +6q.y” (25) 


where y®=d'y/dt' (t=1, 2,3, 4), and q,...., q, are in general functions of ¢. 
We may regard the solutions of (25) as the homogeneous coordinates of a 
point in space. As? varies this point describes a curve. Since 


4 
m= 2 (1=1, 2, 3, 4) 


is the most general solution of (25), we may say the differential equation 
defines a set of projectively equivalent curves in three-dimensional space. 
These curves will be plane if, and only if, q=0. We shall indicate the method 
for computing the fourth order differential equation which characterizes the 
union curves and actually calculate the value of g,. From equations (1) and 
(6), and those obtained from them by partial differentiation, and from the 
value of u” given by (12), we find the following formulae in which v is chosen 


as independent variable: 


=u'z+p, y” = AY + + Asp + (26) 
+¢,6, 


* Second Memoir, p. 116. 
¢ Proj. Diff. Geom., Chap. 2. 
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where 


a,=—fu"—g, a,=2v’, | 


b,= 6bfu*+ (6fp,—f,) +3 (2bg + 2fp,—f,) u?—39,u'—9g, , 
b,=—fu?+12a’bu”, 

bs= 12b°u’*+ (12bp,—2b,) (4bp,—f—2b,) u"—g, 

b,= —8bu"— 6 p,u"— 6 +4a’, (27) 
¢,=[(2bg—f,) b,—fb2+6,,] u’—gbs+ (20’f—g,) 

(b,+4a'bb,+ u’ —2a'bs— (9g +2a,)b,+ be, 

(f +2b,) +b, +bs,, 


where 0,,,...., Ds, Oy, ...-, bg, are found from the fifth to eighth equations 
of (27) by partial differentiation, and w” is given by (12). The desired 
equation will be obtained by eliminating 2, p, and o between equations (26) 
which gives 


y’ 
“—a a a 
ae 1y 2 3 = 0. (28) 
—by b, bs by 
Cy Cy 
Thus the coefficient of y“” is 
0 
b, bs b, 
or, substituting from (27), 
(Lu? +2Mu'+N). (29) 


Since wu’ can not vanish, g,=0 is equivalent to (24). Hence we have proved 
the following theorem: 


A necessary and sufficient condition that the union curves be plane is that 
they shall also be torsal curves. 


This necessitates two relations between p,, p,, a’, b and their derivatives 
which are obtained by the substitution in (12) of each of the pairs of values 
of w’ and vw” found from (23) and the equation obtained from it by differen- 
tiation. If we let 


R’=M’?—LN, (30) 


a 
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these relations are 


2a’ L* + + 2M? (L,—2p,L) (2p,N +2p,.M+M,+4N,) 
—LM (2M,+L,)—LN (6bM—4L,) =0, 
R(4bM?+2bLMN—4p,LM + 2p,L?—LM,+2ML,—LL,) 
+L*R,—LMR,=0. | 


(31) 


The second of these is satisfied identically when R=0, that is, when the two 
families of torsal curves coincide. For this case (31) reduces to the single 
condition 


L? +2bM?—2p,LM?+ (32) 


for particular values of p, and p,, one must always show that these conditions 
are not inconsistent with the integrability conditions (2). This caution 
applies also to all similar situations which occur in the following pages. 

Since by definition the osculating plane of a union curve at the point P, 
contains the line /,, and since the osculating plane of a plane curve is the same 
for .all points of the curve, it is obvious geometrically that plane union curves 
are torsal curves, and that the developables are the planes of the curves 
themselves. If every curve of the two-parameter family of union curves is 
plane, it is evident that the torsal curves must be indeterminate, since there 
are only a single infinity of them. In that case we must have 


L=M=N=0, (33) 


and conditions (31) would be satisfied identically. 


In case all the union curves are plane, the lines of Z for a restricted 
region R of the surface have a point in common as a simple geometric argu- 
ment will show. Consider that part of a union curve C lying in R. It follows 
from the theory of differential equations that for R# sufficiently small, there 
exist union curves joining two arbitrary points of C to a third point of & not 
on C. We obtain in this way an infinite number of triples of points for which 
the corresponding lines of L intersect in pairs. Since these lines are not all 
in the same plane, they must all pass through the same point, the edge of 
regression of all of the developables of the congruence. 

The theorem proved above is of especial interest as it includes as a par- 
ticular instance the well-known theorem that a geodesic is plane when, and 
only when, it is a line of curvature. 


| 
| 
| 
| 
| | 
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4. The Principle of Duality Applied to Union Curves. 
The integral surface S, of (1) may be regarded as the envelope of its tan- 
gent planes. It will then be represented by the partial differential equations.* 
wy—2bY,+ (2b,+f)¥=0, Y,,—2a’¥,+ (2a,+9)¥=0, (34) 
where the solutions Y; (t=1, 2,3, 4) are proportional to the homogeneous 
coordinates of the plane p, tangent to the surface S, at the point P,. If we 
let 


a’=—a’, b=—b, f=2b,4+f, g=2a,+9, (35) 
we may replace (34) by 
Y,,+2aY,+9Y=0, (36) 


which is called the system adjoined to (1). It is evident from (35) that each 
is the adjoint of the other. If the solutions Y,; (i=1, 2, 3,4) are regarded as 
the coordinates of a plane, systems (1) and (36) have the same integral sur- 
faces. But if they are regarded as the coordinates of a point, every integral 
surface Sy of (36) -would be a dualistic transform of every integral surface S, 
of (1). Since a’$0 and b+0, S, is not identically self-dual, that is, there 
exists no dualistic transformation carrying the point P, over into the plane p, 
tangent at that point. If Y; be interpreted as the coordinates of a point, then 
the equation of the union curves on Sy is 
—2bu’*+ 2p,u*+ 2p,u’ =0. (37) 
In order to pass to the dualistic interpretation, let us regard S, as the 
locus of its points, and Sy as the envelope of its tangent planes. To the con- 
gruence L of lines /, passing through the points of S,, will correspond a con- 
gruence Ly of lines Jy in the tangent planes of S;. To a curve as point locus 
on S, will correspond a developable circumscribed about the surface Sy. Just 
as the union curves on S, have the property that the osculating plane at P, 
determined by three consecutive points of the curve contains the line /,, so the 
point, which for symmetry we shall call the osculating point for p,, deter- 
mined by three consecutive planes of the developable, lies on the line /y. As 
the line 1, is the intersection of the osculating planes of all of the union curves 
passing through P,, so also /y is the locus of all the osculating points of the 
developables containing p,. To a plane union curve would correspond a cone 
with the osculating point as vertex. The theorems developed in the preceding 
pages are capable of dualistic interpretation, and could be developed indepen- 
dently by analysis dualistic to that employed above. The values of p, and p, 


* First Memoir, p. 257. 
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in (37) evidently depend upon the choice of Ly. As instance of projectively 
related congruences of this character one may cite the directrix congruences 
of the first and second kind. 


5. The Ruled Surface of the Congruence L along a Union Curve. 


We shall determine the differential equations which characterize the ruled 
surface generated by the line 1, as P, moves along one of the union curves. 
The coordinates of a point ¢ of the line J, given in (17), and of y, must satisfy 
differential equations of the form * 


+ Puy’ + + Poy’ + Poot’ + (38) 


where y’=dy/dv, y’=d’y/dv’ and so on. By means of (1), (12), (17), (18) 
and (19) we find : 


y =Y, y' =wete, =—(u"f+g)y+ (u’—2a’) z—2bu'p—2u’a, 1 

t =—p2e+ppts, (39) 

=(w’P+P’)y+ (wWQ+Q')et+ (wR+R’)p+ (w’S+8")a, 

where 7,, ...., 7, are somewhat lengthy expressions in a’, b, their partial 


derivatives and the powers of wu’ up to the third. By eliminating z, p and o by 
means of the second, third, fourth and fifth of equations (39), and then from 
the second, fourth, fifth and sixth, there result two equations of type (38) 
where — (Lu”+2Mu’+N). Since the ruled surface is a developable 
if, and only if, n,,;=”.=0, the results of §3 are again emphasized. 

The four pairs of independent solutions of (38), y;, ¢;, (t=1, 2, 3,4) may 
be taken as the homogeneous coordinates of two points P, and P,. As the 
line 1, generates the ruled surface, these points describe curves C, and C;. 
The curve C, is asymptotic for that surface provided that p,=0.t The cal- 
culation of the coefficients gives 


(pyu'+ pre). (40) 

Since wu’ 0, p,.=0 when, and only when, u’=—p,/p,. This value of u’ must 
satisfy (12) which imposes the following restriction 

P1P2 (Pout — D3 (Piu+ 2b (Poy+ 20’ p,) =0. (41) 


That this condition may be satisfied is apparent. Let ZL be the congruence of 
directrices of the second kind, and let a’ and b be functions of v alone, and of 


* Proj. Diff. Geom., p.-126. + Proj. Diff. Geom., p. 142. 
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u alone, respectively. Then p,=p,=0. Whenever p, and p, are such that 
(41) is satisfied, there exists a one-parameter family of union curves having 
the property that they are at the same time asymptotic curves of the ruled 
surface generated by the lines of Z along those curves. 


6. Some Remarks on a Problem in the Calculus of Variations. 


One of the most interesting properties of geodesics is that they appear in 
the problem of determining the lines of shortest length on a surface. Because 
so much of the theory of geodesics has turned out to be capable of generaliza- 
tion to the theory of union curves, the question naturally arises whether there 
exists a function F'(u, v, vu’) such that the integral fF (u, v, u’)dv assumes a 
minimum value along a union curve, and such that the integral is invariant 
under the transformation i=a(u), 7=6(v). It is possible to find an infinity 
of functions satisfying the first of these conditions. The latter condition is 
essential in order to obtain an integral which may have an intrinsic projective 
significance. Investigation of this question has yielded thus far only negative 
results. 
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